
CERME9  

Proceedings of the Ninth 

Congress of the European 

Society for Research in 

Mathematics Education

Editors: Konrad Krainer and Naďa Vondrová

Organized by: Charles University in Prague,  

Faculty of Education

Year: 2015



IICERME9 (2015)

Editors: Konrad Krainer, Naďa Vondrová

Editorial Board: Paul Andrews, Samuele Antonini, Véronique Battie, Berta Barquero, Irene Biza, 

Lisa Björklund Boistrup, Marianna Bosch, Marc Bosse, Laurinda Brown, 

Orly Buchbinder, Mariolina Bartolini Bussi, Susana Carreira, Sona Ceretkova, 

Charalambos Charalambous, Aurélie Chesnais, Yves Chevallard, Renaud Chorlay, 

Anna Chronaki, Kathy Clark, Alison Clark-Wilson, Andreas Eichler, 

Lisser Rye Ejersbo, Ingvald Erfjord, Lourdes Figueiras, Inés Maria Gómez-Chacón, 

Alejandro González-Martín, Simon Goodchild, Ghislaine Gueudet, Corinne Hahn, 

Jeremy Hodgen, Alena Hospesova, Paola Iannone, Eva Jablonka, 

Arne Jakobsen, Uffe Thomas Jankvist, Darina , Jirotková, Gabriele Kaiser, 

Alexander Karp, Sibel Kazak, Ivy Kidron, Iveta Kohanová, Eugenia Koleza, 

Snezana Lawrence, Aisling Leavy, Roza Leikin, Esther Levenson, Peter Liljedahl, 

Thomas Lingefjard, Matija Lokar, Jan van Maanen, Bożena Maj-Tatsis, 

Nicolina Malara, Mirko Maracci, Michela Maschietto, Pietro Di Martino, 

Heidi Strømskag Måsøval, Tamsin Meaney, Julia Meinke, Mônica Mesquita, 

Joris Mithalal, John Monaghan, Francesca Morselli, Reidar Mosvold, Elena Nardi, 

Reinhard Oldenburg, Hanna Palmér, Demetra Pitta Pantazi, Marilena Pantziara, 

Kirsten Pfeiffer, Núria Planas, Valentina Postelnicu, Despina Potari, Caterina Primi, 

Elisabeth Rathgeb-Schnierer, Sebastian Rezat, Miguel Ribeiro, Philippe R. Richard, 

Ornella Robutti, Bettina Rösken-Winter, Frode Rønning, Charalambos Sakonidis, 

Stanislaw Schukajlow, Marcus Schütte, Nathalie Sinclair, Florence Mihaela Singer, 

Jeppe Skott, Hauke Straehler-Pohl, Gabriel Stylianides, Jana Trgalova, 

Fatma Aslan Tutak, Olov Viirman, Geoff Wake, Hans-Georg Weigand, 

Carl Winsløw, Constantinos Xenofontos, Stefan Zehetmeier.

Publisher: Charles University in Prague, Faculty of Education and ERME

Place: Prague, Czech Republic

Year: 2015

ISBN: 978-80-7290-844-8

Copyright 2015 left to the authors.

Recommended citation: 

Author: Title of the contribution. In K. Krainer & N. Vondrová (Eds.) (2015). 

Proceedings of the Ninth Congress of the European Society for Research in 

Mathematics Education (CERME9, 4-8 February 2015) (pp. xx-yy).  Prague, 

Czech Republic: Charles University in Prague, Faculty of Education and 

ERME.



IIICERME9 (2015) – Table of Contents

Table of Contents

1 PREFACE

2 Preface
Viviane Durand-Guerrier and Susanne Prediger

4 Editorial information 
Konrad Krainer and Naďa Vondrová

6 PLENARY LECTURES

7 Cultural contexts for European research and 
design practices in Mathematics Education
Barbara Jaworski, Maria G. Bartolini Bussi, 
Susanne Prediger and Edyta Nowinska

34 Understanding randomness: Challenges 
for research and teaching
Carmen Batanero 

50 Research in teacher education and 
innovation at schools: Cooperation, 
competition or two separate worlds?
Jarmila Novotná 

66 TWG01 
ARGUMENTATION AND PROOF

67 Introduction to the papers of TWG01: 
Argumentation and proof
Samuele Antonini, Orly Buchbinder, Kirsten 
Pfeiffer and Gabriel J. Stylianides

71 Research papers

72 Proof by reductio ad absurdum: 
An experience with university students 
Angelina Alvarado Monroy and María 
Teresa González Astudillo

79 Proof writing at undergraduate level 
Nadia Azrou

86 On a generality framework for proving tasks
Andreas Bergwall

93 Analyzing the transition to epsilon-delta 
Calculus: A case study
Paolo Boero

100 Pre-service teachers’ construction of algebraic 
proof through exploration of math-tricks
Orly Buchbinder and Alice Cook

107 A case study: How textbooks of a Spanish publisher 
justify results related to limits from the 70’s until today
Laura Conejo, Matías Arce and Tomás Ortega

114 Argumentation below expectation:  
A double-threefold Habermas explanation
Jenny Christine Cramer

121 Is the use of GeoGebra advantageous 
in the process of argumentation?
Özlem Erkek and Mine Işıksal-Bostan

128 Constructing validity in classroom conversations
Manuel Goizueta and Maria Alessandra Mariotti

135 Pre-service teachers’ perceptions of generic 
proofs in elementary number theory
Leander Kempen and Rolf Biehler

142 Disparate arguments in mathematics classrooms 
Christine Knipping, Daniela Rott and David A Reid

149 E-assessment of understanding of geometric 
proofs using interactive diagrams 
Yael Luz and Michal Yerushalmy 

156 Building stories in order to reason and prove 
in mathematics class in primary school
Marianne Moulin and Virginie Deloustal-Jorrand

164 The genesis of proof in ancient Greece: 
The pedagogical implications of a Husserlian reading
Andreas Moutsios-Rentzos and Panagiotis Spyrou

171 Discriminating proof abilities of secondary school 
students with different mathematical talent
Juan Antonio Moya, Angel Gutiérrez and Adela Jaime

178 Proof evaluation tasks as tools for teaching?
Kirsten Pfeiffer and Rachel Quinlan

185 Mathematical fit: A first approximation
Manya Raman-Sundström and Lars-Daniel Öhman 

192 Students of two-curriculum types Performance 
on a proof for congruent triangles
Ruthmae Sears and Óscar Chávez

198 A theoretical perspective for proof construction 
Annie Selden and John Selden

205 Textbook explanations: Modes of reasoning 
in 7th grade Israeli mathematics textbooks
Boaz Silverman and Ruhama Even

213 The role of mode of representation in 
students’ argument constructions
Andreas J. Stylianides

221 Posters

222 Considerations on teaching methods to deepen student 
argumentation through problem solving activities
Tsutomu Ishii

224 Unpack and repack mathematical activity with 
pre-service teachers: A research project 
Simon Modeste and Francisco Rojas

226 How is proving constituted in Cypriot classroom?
Maria Pericleous



Table of Contents

IV

228 Four steps on the way to create argumentation 
competence supported by technology  
Evelyn Süss-Stepancik and Stefan Götz

230 An example of Proof-Based Teaching: 3rd graders 
constructing knowledge by proving
Estela Vallejo Vargas and Candy Ordoñez Montañez

232 TWG02 
ARITHMETIC AND NUMBER SYSTEMS

233 Introduction to the papers of TWG02: 
Arithmetic and number systems 
Sebastian Rezat, Lisser Rye Ejersbo, Darina 
Jirotkova and Elisabeth Rathgeb-Schnierer 

237 Research papers

238 A study on the changes in the use of 
number sense in secondary students
Rut Almeida and Alicia Bruno

245 Student strategies and errors in mental computation 
with rational numbers in open number sentences
Renata Carvalho and João Pedro da Ponte

252 Spatial structuring, enumeration and errors of 
S.E.N. students working with 3D arrays
Carla Finesilver

259 Computing by counting in first grade:  
It ain’t necessarily so
Michael Gaidoschik,, Anne Fellmann 
and Silvia Guggenbichler

266 What is a better buy? Rationale and empirical analysis 
of unequal ratios tasks in commercial offers contexts
Bernardo Gómez and Amparo García

274 Replacing persistent counting strategies 
with cooperative learning
Uta Häsel-Weide

281 Students’ argumentation schemes in terms 
of solving tasks with negative numbers 
Mathias Hattermann and Rudolf vom Hofe

288 Reversible and irreversible desemantization
Milan Hejný, Darina Jirotková and Jana Slezáková

295 Sixth grade students’ explanations and 
justifications of distributivity
Kerstin Larsson

302 Investigating fourth graders’ conceptual 
understanding of computational estimation 
using indirect estimation questions 
Sabrina Lübke

309 The impact of a teaching intervention on sixth grade 
students’ fraction understanding and their performance 
in seven abilities that constitute fraction understanding 
Aristoklis A. Nicolaou and Demetra Pitta-Pantazi

316 Processes of mathematical reasoning of 
equations in primary mathematics lessons
Marcus Nührenbörger and Ralph Schwarzkopf

324 The rules for the order of operations: 
The case of an inservice teacher
Ioannis Papadopoulos

331 Cracking percent problems in different formats: 
The role of texts and visual models for students 
with low and high language proficiency
Birte Pöhler, Susanne Prediger and Henrike Weinert

339 Cognitive flexibility and reasoning patterns in 
American and German elementary students when 
sorting addition and subtraction problems 
Elisabeth Rathgeb-Schnierer and Michael Green

346 A network of notions, concepts and processes 
for fractions and rational numbers as an 
interpretation of Didactical Phenomenology
Rubí Real and Olimpia Figueras

354 Flexible mental calculation and “Zahlenblickschulung”
Charlotte Rechtsteiner-Merz,  and 
Elisabeth Rathgeb-Schnierer

361 Foundational number sense: Summarising the 
development of an analytical framework
Judy Sayers and Paul Andrews

368 Additive adaptive thinking in 1st and 2nd grades pupils
Lurdes Serrazina and Margarida Rodrigues

375 Improving classroom assessment in primary 
mathematics education in the Netherlands
Michiel Veldhuis and Marja van den Heuvel-Panhuizen,

382 Poster

383 A socially built understanding of rational numbers
Helena Gil Guerreiro and Lurdes Serrazina

385 TWG03 
ALGEBRAIC THINKING

386 Introduction to the papers of TWG03: Algebraic thinking
Jeremy Hodgen, Reinhard Oldenburg, Valentina 
Postelnicu and Heidi Strømskag

390 Research papers

391 Flexible algebraic action on quadratic equations
Jan Block

398 Connections between algebraic thinking 
and reasoning processes
Maria Chimoni and Demetra Pitta-Pantazi 

405 Which algebraic learning can a teacher 
promote when her teaching does not 
focus on interpretative processes?
Annalisa Cusi and Nicolina A. Malara

412 Does bodily movement enhance mathematical problem 
solving? Behavioral and neurophysiological evidence
Diana Henz, Reinhard Oldenburg 
and Wolfgang I. Schöllhorn

419 Solving equations: Gestures, (un)allowable 
hints, and the unsayable matter
Thomas Janßen and Luis Radford



Table of Contents

V

426 Algebraic reasoning levels in primary 
and secondary education
Juan D. Godino, Teresa Neto, Miguel R. Wilhelmi, 
Lilia Aké, Silvia Etchegaray and Aitzol Lasa

433 Using variation theory to design tasks to support 
students’ understanding of logarithms
AnnMarie H. O’Neil and Helen M. Doerr

440 Teaching the concept of function: 
Definition and problem solving
Areti Panaoura, Paraskevi Michael-
Chrysanthou and Andreas Philippou

446 The development of student’s early number sense 
Marios Pittalis, Demetra Pitta-Pantazi 
and Constantinos Christou

453 College students’ understanding 
of parameters in algebra
Valentina Postelnicu and Florin Postelnicu 

460 Analysing Ireland’s Algebra Problem
Mark Prendergast and Paraic Treacy

467 How much space for communication is there for 
a low achieving student in a heterogeneous group?
Anita Movik Simensen, Anne Berit 
Fuglestad and Pauline Vos

474 A pattern-based approach to elementary algebra
Heidi Strømskag

481 A study of the preparation of the function concept
Gyöngyi Szanyi

488 The development and arithmetic foundations 
of early functional thinking 
Ulises Xolocotzin and Teresa Rojano

495 Posters

496 Windows on students’ algebra: 
Describing their habits of mind 
Deniz Eroğlu and Dilek Tanişli

498 Middle grade teachers’ thinking of algebraic 
reasoning in relation to their classrooms 
David Glassmeyer and Belinda Edwards

500 Developing the notions of variation and 
covariation through patterns: An institutional 
analysis of primary school textbooks
Eudes Libert Mamas Mavoungou and 
Alejandro S. González-Martín

502 Creative reasoning more beneficial 
for cognitively weaker students
Mathias Norqvist, Johan Lithner, Bert 
Jonsson and Yvonne Liljekvist

504 Prototypes in secondary and university 
mathematical education
Derek Pilous and David Janda

506 Generalising from visual spatial patterns
Aisling Twohill

508 Teachers’ procedures when introducing algebraic 
expression in two Norwegian grade 8 classrooms
Unni Wathne

510 TWG04 
GEOMETRICAL THINKING

511 Introduction to the papers of TWG04:  
Geometrical thinking
Sona Ceretkova, Aurélie Chesnais, Michela 
Maschietto, Joris Mithalal-Le Doze, Philippe 
R. Richard and Ewa Swoboda

514 Research papers

515 Prospective teachers’ development of geometric 
reasoning through an exploratory approach
Lina Brunheira and João Pedro da Ponte

522 Articulation between students’ and teacher’s 
activity during sessions about line symmetry
Aurélie Chesnais and Anne-Cécile Mathé

529 Teaching geometry to students 
(from five to eight years old)
Jacques Douaire and Fabien Emprin

536 The level of understanding geometric measurement
Eszter Herendiné-Kónya

543 Using the geometric working spaces to 
plan a coherent teaching of geometry 
Alain Kuzniak and Assia Nechache

550 Spatial and geometric structuring – contributions 
for a collective construction 
Cristina Loureiro and Lurdes Serrazina

557 Combining epistemological and cognitive 
approaches of geometry with cK¢
Joris Mithalal-Le Doze

564 Working with visually impaired students: 
Strategies developed in the transition from 2D 
geometrical objects to 3D geometrical objects
Chrysi Papadaki

571 Learning geometry through paper-based experiences
Marta Pytlak 

578 Six year old pupils’ intuitive knowledge about triangles
Maria Paula Rodrigues and Maria de Lurdes Serrazina

584 Mathematization of rotation as a didactic task
Ewa Swoboda

591 The meaning of isometries as function of a set 
of points and the process of understanding 
of geometric transformation
Xhevdet Thaqi, Joaquim Gimenez and Ekrem Aljimi

598 A meta-classification for students’ selections 
of quadrilaterals: The case of trapezoid
Fadime Ulusoy

605 Posters

606 Signs and validation in the teaching of geometry at the 
end of compulsory schooling in France: A case analysis
Assia Nechache

608 Development of preservice teachers’ 
content knowledge in geometrical 
transformations: A teaching experiment
Candas Uygan, Nilufer Y. Kose and Dilek Tanisli



Table of Contents

VI

610 TWG05 
PROBABILITY AND STATISTICS EDUCATION

611 Introduction to the papers of TWG05: 
Probability and statistics education
Corinne Hahn, Andreas Eichler, Sibel Kazak, 
Aisling Leavy and Caterina Primi

614 Research papers

615 Studying the process of transforming 
a statistical inquiry-based task in the 
context of a teacher study group
Dionysia Bakogianni

622 Gender differences in attitudes toward statistics: 
Is there a case for a confidence gap?
Francesca Chiesi and Caterina Primi

629 Enactive metaphoric approaches to randomness
Daniela Díaz-Rojas and Jorge Soto-Andrade

636 Aspects of students’ changing mental models 
when acting within statistical situations 
Andreas Eichler and Markus Vogel

643 Preservice teachers’ statistical reasoning when 
comparing groups facilitated by software
Daniel Frischemeier and Rolf Biehler

651 An investigation of understanding of 
preservice elementary mathematics 
teachers (PEMT) about data displays
Kurt Gamze

658 Regression in high school: An empirical 
analysis of Spanish textbooks
María M. Gea, Carmen Batanero, Pedro Arteaga, J. 
Miguel Contreras and Gustavo R. Cañadas

665 Mathematics teachers’ conceptions of how to 
promote decision-making while teaching statistics: 
The case of Japanese secondary school teachers
Orlando González

672 Secondary education students’ 
understanding of sampling
Gilda Lisbôa Guimarães and Tâmara 
Marques da Silva Gomes

678 Rolling the dice – exploring different approaches 
to probability with primary school students
Markus A. Helmerich

685 Students’ informal inference when 
exploring a statistical investigation
Ana Henriques and Hélia Oliveira

692 Improving teachers’ reasoning about sampling 
variability: A cross institutional effort
Bridgette L. Jacob, Hollylynne S. Lee, 
Dung Tran and Helen M. Doerr

700 A Bayesian inspired approach to reasoning 
about uncertainty: ‘How confident are you?’
Sibel Kazak

707 Simulation approaches for informal inference: 
Models to develop understanding 
Hollylynne S. Lee, Dung Tran, Jennifer 
Nickell and Helen Doerr

715 Analysing teachers’ knowledge about 
sampling using TinkerPlots 2.0
Maria Niedja Martins, Carlos Monteiro 
and Carolina Carvalho

722 Intuition about concept of chance 
in elementary school children
Jasmina Milinković

727 Making sense of statistical and probabilistic 
information in the media texts: Pre-service 
teachers’ critical thinking processes
Mehtap Ozen and Erdinc Cakiroglu 

734 An interview study on reading statistical 
representations in biology education
Christine Plicht, Markus Vogel and Christoph Randler

740 Interest in statistics: Examining the effects of 
individual and situational characteristics
Maria Anna Donati, Caterina Primi, Francesca 
Chiesi and Kinga Morsanyi

746 Affective exhibition during 
the interpretation of statistical data
Tamires Queiroz, Carlos Monteiro, Liliane 
Carvalho and Karen François

754 Individual concepts of students comparing distributions
Susanne Schnell and Christian Büscher

761 Changing beliefs about the benefit 
of statistical knowledge
Alexandra Sturm and Andreas Eichler

768 Posters

769 Understanding the knowledge demands of teaching 
statistics: Insights gained from examining practice
Aisling Leavy

771 Developing statistical literacy: The case 
of graphs with preservice teachers
Ana Paula Canavarro

773 Statistical variability: Comprehension 
of children in primary school 
Erica Cavalcanti and Gilda Guimarães

775 Difficulties in learning statistics: An 
experiment with young children
Susana Colaço

777 An obstacle to teaching hypothesis testing to 
future managers: The plurality of conceptions 
related to the concept of variable
Roxane Jallet-Cattan and Corinne Hahn

779 Students’ beliefs about statistics: Lessons 
from a journalism statistics class
Dun Nkhoma Kasoka

781 Attitudes to statistics and affective expressions in use 
of graphs developed by primary school teachers
Maria Niedja Martins and Carolina Carvalho

783 Analysis of teachers’ attitudes towards statistics
José Alexandre Martins, Assumpta 
Estrada and Maria Nascimento



Table of Contents

VII

785 The development of informal inferential 
reasoning via resampling
Jeffrey A. McLean and Helen M. Doerr

787 Core competencies for the professional use 
of applied statistics in business administration, 
how to promote them in the classroom?
Vanessa Serrano Molinero and Lucinio González-Sabaté

789 TWG06 
APPLICATIONS AND MODELLING 

790 Introduction to the papers of TWG06: 
Applications and modelling
Susana Carreira, Berta Barquero, Gabriele 
Kaiser, Thomas Lingefjard and Geoff Wake

794 Research papers

795 Mathematization and modelling of physical 
phenomena: Analysis of two proposals 
Jose Benito Búa Ares, Maria Teresa Fernández 
Blanco and Rubén Figueroa Sestelo

802 At the core of modelling: Connecting, 
coordinating and integrating models
Jonas Bergman Ärlebäck and Helen M. Doerr

809 A study and research path on mathematical 
modelling for teacher education
Berta Barquero, Marianna Bosch and Avenilde Romo

816 Mathematical modelling, problem solving, project 
and ethnomathematics: Confluent points
Maria Salett Biembengut

821 Taxonomy of modelling tasks
Wolfgang Bock, Martin Bracke and Jana Kreckler

827 Conceptions in France about mathematical 
modelling: Exploratory research with 
design of semi-structured interviews 
Richard Cabassut and Irene Ferrando 

834 Assessing the best staircase: Students’ modelling 
based on experimentation with real objects
Susana Carreira and Ana Margarida Baioa

841 Competing conceptual systems and their 
impact on generating mathematical models
Jennifer A. Czocher

848 Exploring grade 9 students’ assumption 
making when mathematizing
Brikena Djepaxhija, Pauline Vos and Anne Berit Fuglestad

855 Fostering students’ independence in modelling activities
Helen M. Doerr and Jonas B. Ärlebäck 

862 One-sided limits of a function at a point in 
a drug metabolism context as explained by 
non-compulsory secondary students 
José Antonio Fernández-Plaza, Luis Rico 
and Juan Francisco Ruiz-Hidalgo

869 A comparison between strategies applied 
by mathematicians and mathematics 
teachers to solve a problem
Carolina Guerrero-Ortiz and Jaime Mena-Lorca 

876 Modelling: From theory to practice
Britta Eyrich Jessen, Tinne Hoff 
Kjeldsen and Carl Winsløw

883 Evaluating the effectiveness of a framework 
for measuring students’ engagement 
with problem solving episodes
Patrick Johnson and Seán Moylett

890 Student’s interpretations of visual models
Thomas Lingefjärd and Djamshid Farahani

897 Differences in the situation model 
construction for a textbook problem: 
The broken tree or the broken bamboo? 
José Antonio Juárez López, Josip Slisko Ignjatov, Lidia 
Aurora Hernández Rebollar and Mónica Monroy Kuhn

904 Mathematical models for chemistry and 
biochemistry service courses 
Victor Martinez-Luaces

910 School mathematical modelling: Developing 
mathematics or developing modelling?
Chris Olley

917 Thought structures as an instrument to determine 
the degree of difficulty of modelling tasks
Xenia-Rosemarie Reit and Matthias Ludwig

923 A multidisciplinary approach to model 
some aspects of historical events
Gemma Sala, Berta Barquero, Vicenç 
Font and Joaquim Giménez 

930 The link between the cognitive structure and 
modelling to improve mathematics education 
Laura van de Weerd and Nellie Verhoef 

937 Understanding issues in teaching mathematical 
modelling: Lessons from lesson study
Geoff Wake, Colin Foster and Malcolm Swan

944 Identifying ways to improve student performance 
on context-based mathematics tasks
Ariyadi Wijaya, Marja van den Heuvel-
Panhuizen, and Michiel Doorman

951 ‘Literature’ on mathematical modelling from 
a teacher perspective: A textbook’s portrayal
Anders Wolfsberg

958 Posters

959 The Fraunhofer MINT-EC Math Talents Programme 
Martin Bracke, Patrick Capraro, Jana 
Kreckler and Andreas Roth

961 A didactic problem around the elementary 
differential calculus and functional modelling
Catarina Lucas, Josep Gascón and Cecilio Fonseca

963 Learning the concept of family of functions 
through the modelling process using tablets
Miriam Ortega and Luis Puig



Table of Contents

VIII

965 TWG07 
MATHEMATICAL POTENTIAL, 
CREATIVITY AND TALENT

966 Introduction to the papers of TWG07: 
Mathematical potential, creativity and talent
Roza Leikin, Alexander Karp, Demetra Pitta-
Pantazi and Florence Mihaela Singer

969 Research papers

970 The impact of mathematics interest and 
attitudes as determinants in order to 
identify girls’ mathematical talent
Ralf Benölken

977 Pre-service teachers’ mathematical reasoning
Alv Birkeland

983 Developing students’ culture of problem solving  
via heuristic solving strategies
Jiří Bureš and Hana Nováková

989 Looking for creativity in primary 
school mathematical tasks
Despina Desli and Marianthi Zioga

996 Assigned to creativity: Didactical contract 
negotiation and technology
Valérie Émin, Nataly Essonnier, Pedro Lealdino 
Filho, Christian Mercat and Jana Trgalová

1003 Mathematicians’ views on undergraduate 
students’ creativity 
Gulden Karakok, Milos Savic, Gail Tang 
and Houssein El Turkey

1010 Teachers of the mathematically gifted: Two case studies
Alexander Karp and Vasily Busev

1016 Mathematical creativity or general creativity? 
Maria Kattou, Constantinos Christou 
and Demetra Pitta-Pantazi

1024 Creativity and expertise: The chicken or the egg? 
Discovering properties of geometry figures in DGE
Roza Leikin and Haim Elgrabli

1032 Students with hearing impairment: Challenges facing 
the identification of mathematical giftedness 
Swetlana Nordheimer and Matthias Brandl

1039 The effect of high versus low guidance 
structured tasks on mathematical creativity
Sonia Palha, Jaap Schuitema, Carla 
van Boxtel and Thea Peetsma

1046 Visual processing and attention abilities of general 
gifted and excelling in mathematics students
Nurit Paz-Baruch, Mark Leikin and Roza Leikin 

1052 Assessing mathematically challenging problems
Demetra Pitta-Pantazi, Constantinos Christou, Maria 
Kattou, Paraskevi Sophocleous and Marios Pittalis 

1059 Heuristics and mental flexibility in the problem solving 
processes of regular and gifted fifth and sixth graders
Benjamin Rott

1066 Designing tasks for mathematically talented students
Maike Schindler and Julia Joklitschke

1073 Problem posing: Students between driven 
creativity and mathematical failure
Florence Mihaela Singer, Ildikó Pelczer and Cristian Voica

1080 What can we learn from pre-service teachers’ beliefs 
on and dealing with creativity stimulating activities?
Ilya Sinitsky

1087 Mathematical problem-solving by high-achieving 
students: Interaction of mathematical abilities 
and the role of the mathematical memory
Attila Szabo

1094 Posters

1095 Problem solving competency 
and the mathematical kangaroo
Elisabet Mellroth

1097 Exploratory learning in the mathematical 
classroom (open-ended approach)
Ildar Safuanov, Sergey Atanasyan and Irina Ovsyannikova

1099 Teaching prospective mathematics teachers 
to solve non-routine problems 
Ildar Safuanov

1101 Process-based analysis of mathematically gifted 
pupils in a regular class at primary school
Stefanie Winkler and Matthias Brandl

1103 TWG08 
AFFECT AND MATHEMATICAL THINKING

1104 Introduction to the papers of TWG08: 
Affect and mathematical thinking
Pietro Di Martino, Inés Ma Gómez-Chacón, 
Peter Liljedahl, Francesca Morselli, Marilena 
Pantziara and Stanislaw Schukajlow

1108 Research papers

1109 ‘I can – you can’: Cooperation in group activities
Chiara Andrà, Domenico Brunetto, Nicola 
Parolini and Marco Verani

1116 The flow of emotions in primary school problem solving
Davide Antognazza, Pietro Di Martino, Aline 
Pellandini and Silvia Sbaragli

1123 Turkish prospective middle grades mathematics 
teachers’ teaching efficacy beliefs and sources 
of these beliefs
Okan Arslan and Aykut Bulut

1131 Improving children’s perseverance in mathematical 
reasoning: Creating conditions for productive 
interplay between cognition and affect 
Alison Barnes

1139 Analysing teachers’ belief system referring to 
the teaching and learning of arithmetic
Katinka Bräunling and Andreas Eichler

1146 Identity and rationality in group discussion: 
An exploratory study
Laura Branchetti and Francesca Morselli

1153 Invented or discovered?
Eleni Charalampous



Table of Contents

IX

1160 Discursive positionings and emotions in a small 
group’s learning of geometric definitions 
Wajeeh Daher,, Osama Swidan and Juhaina Shahbari,

1167 The mathematics teacher: An emotional rational being
Marina De Simone

1174 How a local oral examination considers 
affective aspects of knowing mathematics
Anne Birgitte Fyhn

1181 Students’ emotional experiences in high 
school mathematics classroom
Gustavo Martínez-Sierra

1188 Mathematics teachers in preservice 
teachers’ metaphors
Çiğdem Haser, Okan Arslan and Kübra Çelikdemir

1195 Basic emotions of primary school 
pupils in mathematics lessons 
Ineta Helmane

1202 Development of mathematics-related beliefs 
scale for the 5th grade students in Turkey
Nermin Kıbrıslıoğlu and Çiğdem Haser

1209 ‘Two things I like, maths and chocolate’: Exploring 
ethical hedonism in secondary mathematics teaching
Elizabeth Lake

1216 Patterns of motivation and emotion 
in mathematics classrooms
Gareth Lewis

1223 Emotions as an orienting experience
Peter Liljedahl

1231 “Let’s play! Let’s try with numbers!”: Pre-service 
teachers’ affective pathways in problem solving
Francesca Morselli and Cristina Sabena

1238 About relationships in the affect domain 
Manuela Moscucci and Cecilia Bibbò

1245 On the role of affect for sense making in 
learning mathematics – aesthetic experiences 
in problem solving processes
Eva Müller-Hill and Susanne Spies 

1252 The role of multiple goals in students’ 
motivation and achievement 
Marilena Pantziara and George N. Philippou

1259 Affective transgression in learning mathematics 
Barbara Pieronkiewicz

1266 Teachers’ individual beliefs about the roles 
of visualization in classroom
Angela Schmitz and Andreas Eichler

1273 Is boredom important for students’ performance?
Stanislaw Schukajlow

1280 Promoting cognitive engagement 
in secondary mathematics classrooms
Karen G. Skilling and Gabriel J. Stylianides 

1287 The restricted yet crucial impact of an intervention 
on pupils’ mathematics-related affect
Laura Tuohilampi, Liisa Näveri and Anu Laine

1294 Emma’s mathematical thinking, problem 
solving and affect
Hanna Viitala

1301 Investigating sources of pre-service 
teachers’ self-efficacy for preparing and 
implementing mathematical tasks
Bilge Yurekli, Mine Isiksal and Erdinc Cakiroglu

1308 Posters

1309 Teachers’ perspective on group dynamics 
Chiara Andrà, Domenico Brunetto, Nicola 
Parolini and Marco Verani

1311 Attitudes of secondary school students 
towards work in learning situations 
María del Socorro García González and 
Rosa María Farfán Márquez 

1313 Formative scaffolding: How to enhance mathematical 
proficiency, prevent and reduce mathematics anxiety
Annika Grothérus

1315 Why mathematics? Students’ narratives about 
failing in compulsory school mathematics
Oana Hansson

1317 TWG09 
MATHEMATICS AND LANGUAGE

1318 Challenges and research priorities in the context 
of TWG09: Mathematics and language
Núria Planas, Anna Chronaki, Frode 
Rønning and Marcus Schütte 

1325 Research papers

1326 Reading data from graphs: A study 
on the role of language
Giovannina Albano, Cristina Coppola and Tiziana Pacelli 

1333 Linguistic stratification in a multilingual 
mathematics classroom
Richard Barwell

1340 Mathematics learning in whole class 
discussion: A design experiment 
Kaouthar Boukafri, Miquel Ferrer and Núria Planas 

1347 Number words in ‘other’ languages: 
The case of little Marram
Anna Chronaki, Georgia Mountzouri, 
Maria Zaharaki and Núria Planas

1354 Vague language and politeness in whole-class 
mathematical conversation
Thérèse Dooley

1361 The grammar and conceptualisation of motion in Iwaidja
Cris Edmonds-Wathen

1368 How communicative teaching strategies create 
opportunities for mathematics learning
Margareta Engvall, Joakim Samuelsson 
and Karin Forslund Frykedal

1374 Diverse epistemic participation profiles in 
socially established explaining practices
Kirstin Erath and Susanne Prediger



Table of Contents

X

1382 Deictic gestures as amplifiers in conveying 
aspects of mathematics register
Danyal Farsani

1387 The interplay of language and objects 
in the mathematics classroom
Marei Fetzer and Kerstin Tiedemann 

1393 Using gaze tracking technology to study student visual 
attention during teacher’s presentation on board
Enrique García Moreno-Esteva and Markku S. Hannula

1400 Emotional interactions of high achieving students in 
mathematical argumentation: The case of Jasmine 
Rachel Hess-Green,Einat Heyd-Metzuyanim 
and Orit Hazzan

1407 Constructing mathematical competence in 
interaction: Whose mathematics is it?
Jenni Ingram and Andrea Pitt

1414 Discourses in kindergarten and how they prepare for 
future decontextualised learning of mathematics 
Judith Jung and Marcus Schütte

1421 Use and development of mathematical 
language in bilingual learning settings 
Rebecca Klose

1427 Gestures as part of discourse in reasoning situations: 
Introducing two epistemic functions of gestures
Christina M. Krause

1434 Ambiguity as a cognitive and didactic resource
Maria Mellone and Roberto Tortora

1440 Sharing structures of algebraic expressions 
through language: A transformation gap 
Alexander Meyer

1447 The discursive routine of personifying and 
its manifestation by two instructors
Talli Nachlieli and Michal Tabach

1454 Bilingual mathematics learners, conceptual 
mathematical activity and the role of their 
languages. How best to investigate?
Máire Ní Ríordáin and Aisling McCluskey  

1461 Mathematical reasoning through a broad 
range of communicational resources 
Anna-Karin Nordin and Lisa Björklund Boistrup 

1468 Mathematics education in bilingual 
contexts: Irish-English, Breton-French
Caroline Poisard, Máire Ní Ríordáin and Erwan Le Pipec 

1475 Capturing learning in classroom interaction in 
mathematics: Methodological considerations 
Jorunn Reinhardtsen, Martin Carlsen and Roger Säljö

1482 A case study of epistemic order in 
mathematics classroom discourse
Kenneth Ruthven and Riikka Hofmann

1490 Writing in mathematics lessons in Sweden
Cecilia Segerby

1497 Language use, mathematical visualizations, 
and children with language impairments
Elke Söbbeke

1503 Linguistic norms in mathematics lessons
Kerstin Tiedemann 

1510 Reconstruction of teachers’ professional vision 
concerning important aspects of classroom interaction
Anna-Marietha Vogler

1517 Students’ language repertoires for prediction
David Wagner, Joseph Dicks and Paula Kristmanson

1524 Posters

1525 A case study comparing the comments written by 
two students on their mathematics notebooks 
Matías Arce, Laura Conejo and Tomás Ortega 

1527 Talk about patterns in the mathematics classroom 
Filip Roubicek 

1529 Testing and diagnostics of students’ 
difficulties in CLIL teaching
Alena Šteflíčková

1531 Adaptivity challenges for relational scaffolding
Larissa Zwetzschler

1533 TWG10 
DIVERSITY AND MATHEMATICS EDUCATION

1534 Introduction to the papers of TWG10: 
Diversity and mathematics education – 
social, cultural and political challenges
Lisa Björklund Boistrup, Tamsin Meaney, Mônica 
Mesquita  and Hauke Straehler-Pohl

1538 Research papers

1539 Ethnomathemathical dimensions for analysing 
teachers’ conceptions about mathematics
Veronica Albanese and Francisco Javier Perales

1544 Parent-child cooperation in mathematics 
learning: Insights into maths-experience days
Natascha Albersmann and Katrin Rolka

1551 The sightless eyes of reason: Scientific 
objectivism and school geometry
Melissa Andrade-Molina and Paola Valero

1558 Pressures and positions of need during the Swedish 
third-grade National Test in Mathematics
Anette Bagger

1564 Mathematics as caring: The role of 
‘others’ in a mathematical identity 
Laura Black, Yvette Solomon and Darinka Radovic

1571 The three faces of problem solving
Jonas Dahl

1577 Critical reflections on temperature change
Kjellrun Hiis Hauge, Maria Astad Sørngård, Tor 
Inge Vethe, Terje André Bringeland, Andreas 
Austlid Hagen and Marius Sætren Sumstad

1584 Mathematical exclusion with the every day
Ola Helenius, Maria L. Johansson, Troels 
Lange, Tamsin Meaney and Anna Wernberg



Table of Contents

XI

1591 Student assessment in an era of accountability
Richard Kitchen, Sarah Ridder and Joe Bolz

1597 School mathematics and bureaucracy
David Kollosche

1603 Socialisation and mathematics education 
in Swedish preschools
Dorota Lembrér

1610 Primary pupils’ perceptions of mathematical ability
Rachel Marks

1617 Statements and discourses about the mathematics 
teacher. The research subjectivation
Alex Montecino and Paola Valero

1624 Cultural responsiveness and its role in 
humanizing mathematics education
Swapna Mukhopadhyay and Brian Greer

1630 Newly arrived students in mathematics 
classrooms in Sweden
Eva Norén, Jöran Petersson, Cecilia 
Sträng and Petra Svensson

1637 Justifications for mathematics teaching:  
A case study of a mathematics teacher 
in collegial collaboration
Anna Pansell and Lisa Björklund Boistrup

1644 Dialogues in ethnomathematics
Aldo Ivan Parra-Sánchez 

1651 The intersection of girls’ mathematics and peer 
group positionings in a mathematics’ classroom
Darinka Radovic, Laura Black, Christian 
Salas and Julian Williams

1658 Number sense as a sorting mechanism 
in primary mathematics education
Rebecca Turvill 

1664 Posters

1665 Teacher training through research in ethnomathematics
Veronica Albanese and María Elena Gavarrete

1667 Power-relations in participatory action research 
project in mathematics education
Lisa Björklund Boistrup, and Joakim Samuelsson

1669 Mathematics in agriculture and vocational 
education for agricultures 
Karolina Muhrman 

1671 Discussing teaching/learning methods 
in a complex educational context
Alessandro Spagnuolo and Michele Canducci

1673 No reason to believe in numbers: Using 
a commercial for making ethical filtration visible
Hauke Straehler-Pohl

1675 Mathematics diagnosis and support: Sensitivity 
of pre-service teachers to social disparities
Vivica Zweidar

1677 TWG11 
COMPARATIVE STUDIES 
IN MATHEMATICS EDUCATION

1678 Introduction to the papers of TWG11: Comparative 
studies in mathematics education
Paul Andrews, Eva Jablonka, Arne Jakobsen 
and Constantinos Xenofontos

1680 Research papers

1681 Developing foundational number sense: Number 
line examples from Poland and Russia
Paul Andrews, Judy Sayers and Gosia Marschall

1688 Reciprocal determinism between students’ mathematics 
self-concept and achievement in an African context
Emmanuel Adu-tutu Bofah

1695 A longitudinal analysis of the Italian national 
standardized mathematics tests
Laura Branchetti, Federica Ferretti, Alice 
Lemmo, Andrea Maffia, Francesca Martignone, 
Mariagiulia Matteucci and Stefania Mignani

1702 The role of comparison in the construction 
and deconstruction of boundaries
David Clarke

1709 The ‘New Math’ reform and pedagogical flows in 
Hungarian and French mathematics education
Katalin Gosztonyi

1717 Reflection and questioning in classrooms 
in different cultural settings
Mandy Hommel and David Clarke

1724 Why look into mathematics classrooms? 
Rationales for comparative classroom 
studies in mathematics education
Eva Jablonka

1731 The perceived causes of the (assumed) 
mathematics problems in England and South 
Africa: A social media experiment
Marie Joubert

1738 Swedish and Chinese teachers’ views on what 
constitutes a good mathematical test task: A pilot study
Aihui Peng, Håkan Sollervall,, Erika 
Stadler, Yueqiang Shang and Li Ma

1745 Examining the heart of the dual 
modelling cycle: Japanese and Australian 
students advance this approach
Akihiko Saeki, Akio Matszaki, Takashi 
Kawakami and Janeen Lamb

1752 Solving a problem by students with different 
mathematical abilities: A comparative 
study using eye-tracking
Miroslawa Sajka and Roman Rosiek

1759 A comparative analysis of mathematics textbooks from 
Kosovo and Albania based on the topic of fractions
Eda Vula, Jeta Kingji–Kastrati and Fitore Podvorica

1766 The history of mathematics in the lower 
secondary textbook of Cyprus and Greece: 
Developing a common analytical framework
Constantinos Xenofontos and Christos E. Papadopoulos 



Table of Contents

XII

1773 Posters

1774 Cooperation and innovation for good practices: 
Teachers and researchers understanding 
mathematics in PISA (TRUMP)
Sebastian Bauer, José M. Diego, Claudia 
Lazaro, Sue Pope, Tomas Recio, Ornella Robutti, 
Jaime Carvalho e Silva and Ana M. Vieira 

1776 A comparison between paper and pencil 
and computer based assessment 
Alice Lemmo

1778 TWG12 
HISTORY IN MATHEMATICS EDUCATION

1779 Introduction to the papers of TWG12: 
History in mathematics education
Uffe Thomas Jankvist, Snezana Lawrence, 
Kathleen Clark and Renaud Chorlay

1782 Research papers

1783 ‘Mebahis-i İlmiye’ as the first periodical on 
mathematical sciences in the Ottoman Turkey
Mustafa Alpaslan, Gert Schubring and Feza Günergun

1790 Was Euclid in Iceland when he was supposed to go?
Kristín Bjarnadóttir

1797 Why is it difficult to learn from history?
Renaud Chorlay

1804 The contribution of history of mathematics on 
students’ mathematical thinking competency
Kathleen Clark

1811 Using calculus in economics: Learning 
from history in teacher education
Peter Collignon

1817 The role of history of mathematics in fostering 
argumentation: Two towers, two birds and a fountain
Paulo Gil and Maria Helena Martinho

1825 Teaching history in mathematics education to 
future mathematics teacher educators
Uffe Thomas Jankvist

1832 Algebra in Dutch education, 1600–2000 
Jenneke Krüger

1839 E-Dynamic.Space: A 21ST century tool to stage-
manage and build experience in the field of the 
history of mathematics and its teaching
Caroline H. Kuhn

1846 The history of the fourth dimension: A way of 
engaging pupils in secondary classrooms
Snezana Lawrence

1853 Teaching the concept of velocity in mathematics classes
Regina Dorothea Möller

1859 Proportionality problems in some mathematical 
texts prior to fourteenth century
Antonio M. Oller-Marcén and José María Gairín

1866 The history of the concept of a function 
and its teaching in Russia
Ildar Safuanov

1873 Using historical school book excerpts for the 
education of mature mathematics teachers
Ysette Weiss-Pidstrygach and Rainer Kaenders

1880 Posters

1881 “It is necessary to understand where we have  
come from so that we can further the journey”:  
History of mathematics in the 
formation of teacher identity
Maurice OReilly

1883 Primary sources in the elementary school
Vasiliki Tsiapou

1885 TWG13 
EARLY YEARS MATHEMATICS

1886 Introduction to the papers of TWG13: 
Early years mathematics
Maria G. Bartolini Bussi, Esther Levenson, Ingvald 
Erfjord, Eugenia Koleza and Bożena Maj-Tatsis

1890 Research papers

1891 Using pivot signs to reach an inclusive 
definition of rectangles and squares
Maria G. Bartolini Bussi and Anna Baccaglini-Frank

1898 The trouble with double: Preschoolers’ perception 
and powerful teaching strategies
Camilla Björklund

1905 How the role of the preschool teacher affects 
the communication of mathematics
Laurence Delacour

1911 The use of virtual and concrete 
manipulatives in kindergarten school
Louiza Demetriou

1918 Distributed authority and opportunities for children’s 
agency in mathematical activities in kindergarten
Ingvald Erfjord, Martin Carlsen and Per Sigurd Hundeland  

1925 Perceiving and creating in the mathematics 
classroom: A case-study in the early years
Francesca Ferrara

1933 The status of early childhood mathematics 
education research in the last decade
Zişan Güner Alpaslan  and Feyza Tantekin Erden

1940 The bar model as a visual aid for developing 
complementary/variation problems 
Eugenia Koleza

1947 Introduction to arithmetical expressions: 
A semiotic perspective
Andrea Maffia and Maria Alessandra Mariotti

1954 Investigations in magic squares: A case 
study with two eight-year-old girls
Bożena Maj-Tatsis and Konstantinos Tatsis



Table of Contents

XIII

1961 “How do you make numbers?”: Rhythm and turn-
taking when coordinating ear, eye and hand
David Pimm and Nathalie Sinclair

1968 Learning interventions supporting numerosity in  
three year old children 
Reinert A. Rinvold and Hans Erstad

1975 Coming to see fractions on the number line
Elisabetta Robotti, Samuele Antonini 
and Anna Baccaglini-Frank

1982 Asking productive mathematical 
questions in kindergarten
Per-Einar Sæbbe and Reidar Mosvold

1989 Kindergartners measuring length
Chrysanthi Skoumpourdi

1996 Familial studies in early childhood that 
involve mathematical situations
Gizem Solmaz

2003 Preschool teachers’ understanding of playing 
as a mathematical activity
Christina Svensson

2010 Unsolvable mathematical problems in 
kindergarten: Are they appropriate? 
Dina Tirosh, Pessia Tsamir, Esther Levenson, 
Michal Tabach and Ruthi Barkai

2017 “If she had rolled five, she’d have two more”: 
Children focusing on differences between numbers 
in the context of a playing environment 
Dorothea Tubach

2025 From speaking to learning of parallelism 
and perpendicularity relations
Paola Vighi

2032 Posters

2033 Preschool class children’s mathematical meetings
Sofie Arnell

2035 Pre-school child and natural number 
Michaela Kaslová

2037 The development of numerical thinking 
in children aged two to five
Irit Lavi

2039 Visualisation of shapes and use of 
technology in kindergarten
Geir Olaf Pettersen, Monica Volden 
and Elin Eriksen Ødegaard

2041 The role of the structure in early mathematics 
learning: Research with children aged four
Margarida Rodrigues, Maria Cordeiro and Paula Serra

2043 Collaboration between scientists and teachers in the 
context of mathematics education of young children
Maria Sorokina

2045 Preschool class – one year to count!
Helena Vennberg

2047 TWG14 
UNIVERSITY MATHEMATICS EDUCATION

2048 Introduction to the papers of TWG14: 
University mathematics education
Elena Nardi, Irene Biza, Alejandro S. González-
Martín, Ghislaine Gueudet, Paola Iannone, 
Olov Viirman and Carl Winsløw

2052 Research papers

2053 The construction of the ‘transition problem’ 
by a group of mathematics lecturers
Christer Bergsten and Eva Jablonka

2060 Conceptualizing and studying students’ processes of 
solving typical problems in introductory engineering 
courses requiring mathematical competences
Rolf Biehler, Jörg Kortemeyer and Niclas Schaper

2067 “No longer a divide between students and 
staff”: Learning through participation in 
statistics resource development
Irene Biza and Eugenie Vande Hey

2074 Contributions and limits of a specific course 
on manipulation of formal statements 
for fresh university students
Stéphanie Bridoux and Viviane Durand-Guerrier

2081 Growth of mathematical knowledge for 
teaching – the case of long division
Jason Cooper

2089 Differential participation in formative assessment 
and achievement in introductory calculus
Rebecca-Anne Dibbs

2096 Students’ personal work in mathematics in 
French business school preparatory classes 
Lynn Farah

2103 Teacher management of learning calculus: 
The case of sequences in the first year of 
university mathematics studies
Imène Ghedamsi

2110 Mathematics in Engineering: The professors’ vision
Gisela Hernandes Gomes and 
Alejandro S. González-Martín

2117 Engineering students in Spain and Germany – 
varying and uniform learning strategies
Inés Mª Gómez-Chacón, Birgit Griese, Bettina 
Rösken-Winter and Carlos Gónzalez-Guillén

2124 The use of textbooks by pre-university teachers: 
An example with infinite series of real numbers
Alejandro S. González-Martín

2131 Media and milieus for complex numbers: 
An experiment with Maple based text
Niels Grønbæk and Carl Winsløw 

2138 University teachers’ resources and documentation work 
Ghislaine Gueudet

2145 Abstract algebra, mathematical 
structuralism and semiotics
Thomas Hausberger



Table of Contents

XIV

2152 The transition from higher education to the world 
of work: Measuring student teachers’ beliefs and 
practices for purposeful sample selection
Eivind Kaspersen, Birgit Pepin and Svein Arne Sikko

2159 On advanced mathematical methods and 
more elementary ideas met (or not) before
Margo Kondratieva

2166 The Rechenbrücke – A project in the 
introductory phase of studies 
Ronja Kürten and Gilbert Greefrath

2173 Use of mathematics in engineering contexts: An 
empirical study on problem solving competencies
Malte Lehmann, Bettina Roesken-
Winter and Sven Schueler

2180 Perceived autonomy in the first semester 
of mathematics studies
Michael Liebendörfer and Reinhard Hochmuth

2187 Characterising university mathematics teaching
Angeliki Mali

2194 Faculty knowledge of teaching in inquiry-based 
learning mathematics
Vilma Mesa and Anne Cawley 

2201 Students’ understanding of marginal change 
in the context of cost, revenue, and profit
Thembinkosi P. Mkhatshwa and Helen M. Doerr

2207 Challenging the mathematician’s ‘ultimate 
substantiator’ role in a low lecture innovation
Elena Nardi and Bill Barton

2214 A model of mathematicians’ approach 
to the defining processes
Cécile Ouvrier-Buffet

2221 How do research mathematicians teach Calculus? 
Georgia Petropoulou, Barbara Jaworski, Despina 
Potari and Theodossios Zachariades

2228 Students’ concept images of inverse functions
Sinéad Breen, Niclas Larson, Ann 
O’Shea and Kerstin Pettersson

2235 Trustworthiness of information about students’ 
competencies in fundamental concepts in 
calculus provided by written examination
Kristina Raen

2242 Extreme Apprenticeship – Emphasising conceptual 
understanding in undergraduate mathematics 
Johanna Rämö, Lotta Oinonen and Thomas Vikberg

2249 First steps in re-inventing Euler’s method: 
A case for coordinating methodologies 
Michal Tabach, Chris Rasmussen, Rina 
Hershkowitz and Tommy Dreyfus

2256 Analysing university closed book 
examinations using two frameworks
Athina Thoma and Paola Iannone 

2263 The constitution of the nature of mathematics 
in the lecturing practices of three 
university mathematics teachers
Olov Viirman 

2270 Posters

2271 The transition from informal to formal understanding 
of the concept of order in abstract mathematics
Mustafa Akdemir, Serkan Narlı and Muhammet Kaşıkçı

2273 Improper integrals in a CAS environment
Francisco Javier Cortés González and 
Hugo Rogelio Mejía Velasco

2275 Revival of classical topics in differential geometry
Thierry (Noah) Dana-Picard and Nurit Zehavi

2277 Tutorial teaching to enable undergraduate 
students to make meaning with mathematics 
M. Gozde Didis and Barbara Jaworski

2279 A geometric approach in teaching differential equations
Younes Karimi Fardinpour

2281 Aspects obstructing or facilitating examination 
success for first year engineering students
Birgit Griese, Malte Lehmann and Bettina Roesken-Winter

2283 Language and students’ conceptions of logic 
in undergraduate mathematics 
Mercy Kazima, Levis Eneya and Patrick Sawerengera

2285 What does pedagogical content knowledge (PCK) in 
the context of university mathematics teaching mean?
Azimehsadat Khakbaz

2287 Tackling the difficulties of the transition 
from school to university mathematics 
Eirini Kouvela, Irene Biza and Theodossios Zachariades

2289 Typology of incoherence due to the didactic 
transposition in Quebec textbooks introducing 
abstract algebra
Ismaïl Régis Mili and Isabelle Ascah-Coallier

2291 An international comparison between final 
secondary assessments: Detected differences 
through an a priori analysis of tasks
Charlotte Derouet, Carolina Henríquez, 
Romina Menares and Monica Panero

2293 Student noticing of exponential and power 
functions in university financial mathematics
Natalie E. Selinski

2295 Mathematical literacy of students in teaching 
mathematics in the first year of studies
Soňa Švecová, Iveta Kohanová and Janka Drábeková 

2297 Student understanding of linear 
independence of functions
Megan Wawro and David Plaxco

2299 TWG15 
TEACHING MATHEMATICS WITH 
RESOURCES AND TECHNOLOGY

2300 Introduction to the papers of TWG15: Teaching 
mathematics with resources and technology
Jana Trgalová, Alison Clark-Wilson, Iveta 
Kohanová and Mirko Maracci 



Table of Contents

XV

2304 Research papers

2305 The parable of the broken pencil or syntactic 
incidents and their consequences
Gilles Aldon

2311 Graphing functions and solving equations, inequalities 
and linear systems with pre-service teachers in Excel
Ján Beňačka and Soňa Čeretková

2319 Expert and novice teachers’ classroom 
practices in a technological environment 
Gulay Bozkurt and Kenneth Ruthven

2326 The diagnostic assessment Pépite and the 
question of its transfer at different school levels
Françoise Chenevotot-Quentin, Brigitte Grugeon-Allys, 
Julia Pilet, Elisabeth Delozanne and Dominique Prévit

2333 Scaling mathematics teachers’ professional 
development in relation to technology – probing the 
fidelity of implementation through landmark activities
Alison Clark-Wilson, Celia Hoyles and Richard Noss

2340 Social creativity and meaning generation 
in a constructionist environment
Dimitris Diamantidis, Katerina Economakou, Areti 
Kaitsoti, Chronis Kynigos and  Foteini Moustaki

2347 Instrumental genesis concerning scales and scaling 
in a dynamic mathematics software environment 
Maria Fahlgren

2354 Scaffolding in e-learning course for gifted children
Antonín Jančařík and Jarmila Novotná 

2361 An examination of secondary mathematics teachers’ 
technological pedagogical content knowledge
Firdevs İclal Karataş and Fatma Aslan Tutak

2367 Boundary crossing in a community of 
interest while designing an e-book with 
the aim to foster students’ creativity
Chronis Kynigos and Elissavet Kalogeria

2374 What can be learned from online public-generated 
mathematical content? A case-study of the 
comments on a viral mathematical video
Alik Palatnik

2381 Representations of creative mathematical thinking 
in collaborative designs of c-book units
Ioannis Papadopoulos, Berta Barquero, Andrea Richter, 
Maria Daskolia, Mario Barajas and Chronis Kynigos

2388 Formalising functional dependencies: 
The potential of technology 
Giorgos Psycharis 

2396 Developing future mathematics teachers’ ability to 
identify specific skills needed for work in GeoGebra
Jarmila Robová and Naďa Vondrová

2403 Knowledge for teaching mathematics with 
technology and the search for a suitable 
viewing window to represent functions
Helena Rocha

2410 Designing a didactical situation with 
mobile and web technologies
Håkan Sollervall, and Didac Gil de la Iglesia

2418 Theory of semiotic mediation in teaching and learning 
linear algebra: In search of a viewpoint in the use of ICT
Melih Turgut

2425 Posters

2426 Using spreadsheets in learning equations
Osman Bagdat

2428 Influence of dominant cognitive structure on the 
way of students’ thinking during problem solving
Edyta Juskowiak

2430 Integrating technology into primary and 
secondary school teaching to enhance 
mathematics education in Hungary
Zsolt Lavicza, Istvan Juhos, Balazs Koren, Kristof Fenyvesi, 
Csaba Csapodi, Marta Kis and Jose-Diego Mantecón 

2432 On the usage of media when solving 
exercises – the activity theory viewpoint
Hannes Stoppel

2434 TWG16 
STUDENTS LEARNING MATHEMATICS 
WITH RESOURCES AND TECHNOLOGY

2435 Introduction to the papers of  TWG16: Students 
learning mathematics with resources and technology
Matija Lokar, Ornella Robutti, Nathalie 
Sinclair and Hans-Georg Weigand

2439 Research papers

2440 Children’s perception of the affordances 
of the mathematical tools
Yasmine Abtahi

2446 Gaming the system: An opportunity to analyse 
difficulties in arithmetical problem solving
David Arnau, José Antonio González-
Calero and Miguel Arevalillo-Herráez

2453 Instances of mathematical thinking 
through collaborative gameplay
Antri Avraamidou

2460 The use of hands and manipulation touchscreen 
in high school geometry classes
Marcelo Bairral and Ferdinando Arzarello

2467 How a digital place value chart could foster substantial 
understanding of the decimal place value system
Daniela Behrens

2473 Peer learning in mathematics forum 
on Facebook: A case study
Yaniv Biton,, Sara Hershkovitz, and Maureen Hoch

2480 Using tree diagrams to develop combinatorial 
reasoning of children and adults in early schooling
Rute Borba, Juliana Azevedo and Fernanda Barreto

2487 Technology-mediated realistic mathematics education 
and the bridge21 model: A teaching experiment 
Aibhín Bray, Elizabeth Oldham and Brendan Tangney

2494 Crossing the bridge: From a constructionist 
learning environment to formal algebra
Eirini Geraniou and Manolis Mavrikis



Table of Contents

XVI

2501 Digital interactive assessment in mathematics: 
The case of construction e-tasks
Galit Nagari Haddif and Michal Yerushalmy 

2509 A framework for describing techno-mathematical 
fluency in beyond-school problem solving
Hélia Jacinto and Susana Carreira,

2517 Feedback and formative assessment with Cabri 
Kate Mackrell

2524 Learning mathematics through programming: 
An instrumental approach to potentials and pitfalls
Morten Misfeldt and Stine Ejsing-Duun

2531 Reasoning with dynamically linked 
multiple representations of functions
Guido Pinkernell

2538 Looking for help on the Internet: An exploratory 
study of mathematical help-seeking practices 
among Mexican engineering students
Danelly Esparza Puga and Mario Sánchez Aguilar

2545 Guided Inquiry learning of fractions – 
a representational approach
Stefan Schumacher and Jürgen Roth

2552 Game approach with the use of technology: 
A possible way to enhance mathematical thinking
Carlotta Soldano, Ferdinando 
Arzarello and Ornella Robutti

2559 Online platforms for practising mathematics 
in German and English speaking 
countries – a systematic comparison
Martin Stein

2566 A learning trajectory of the accumulation function 
in multiple-linked representational environment
Osama Swidan

2573 Student perceptions on learning with online 
resources in a flipped mathematics classroom 
Evangelia Triantafyllou and Olga Timcenko

2580 Discrete or continuous? – A model for a technology-
supported discrete approach to calculus
Hans-Georg Weigand

2587 Posters

2588 Using slider tools to explore and validate
Mats Brunström and Maria Fahlgren

2590 Feedback from dynamic software supports 
creative mathematical reasoning 
Jan Olsson

2592 Learning trajectory for conceptualizing the 
fundamental theorem of calculus using dynamic 
and multiple linked representations tools
Osama Swidan

2594 TWG17 
THEORETICAL PERSPECTIVES AND APPROACHES 
IN MATHEMATICS EDUCATION RESEARCH

2595 Introduction to the papers of TWG17: 
Theoretical perspectives and approaches 
in mathematics education research
Marianna Bosch, Yves Chevallard, Ivy 
Kidron, John Monaghan, Hanna Palmér, 
Erhan Bingolbali and Anna Shvarts

2599 Research papers

2600 Principles of student centred teaching and 
implications for mathematics teaching
Erhan Bingolbali and Ferhan Bingolbali 

2607 Considering theoretical diversity and 
networking activities in mathematics education 
from a sociological point of view
Corine Castela

2614 What is a theory according to the 
anthropological theory of the didactic?
Yves Chevallard, Marianna Bosch and Sineae Kim

2621 Discriminatory networks in mathematics 
education research
Russell Dudley-Smith

2628 Secondary mathematics teacher candidates’ 
pedagogical content knowledge and 
the challenges to measure it
F. Güneş Ertaş and Fatma Aslan-Tutak

2635 The epistemological dimension in didactics: 
Two problematic issues
Ignasi Florensa, Marianna Bosch and Josep Gascón

2642 Linking inquiry and transmission in 
teaching and learning mathematics
Juan D. Godino, Carmen Batanero, Gustavo 
R. Cañadas and José M. Contreras

2649 Mathematics communication within the frame of 
supplemental instruction – SOLO and ATD analysis
Annalena Holm and Susanne Pelger

2656 Re-conceptualising conceptual 
understanding in mathematics
Geoff Kent and Colin Foster

2662 The epistemological dimension revisited
Ivy Kidron

2668 Towards a confluence framework of problem 
solving in educational contexts
Boris Koichu 

2675 Theories to be combined and contrasted: 
Does the context make a difference? Early 
intervention programmes as case
Lena Lindenskov, Pia Beck Tonnesen, Peter 
Weng and Camilla Hellsten Østergaard

2681 Tool use in mathematics: A framework
John Monaghan

2688 Structuralism and theories in mathematics education
Pedro Nicolás



Table of Contents

XVII

2695 Adaptive conceptual frameworks 
for professional development 
Miguel Perez

2702 Communities of practice: Exploring 
the diverse use of a theory
Helena Roos and Hanna Palmér

2709 Beyond orchestration: Norm perspective 
in technology integration
Rüya Şay and Hatice Akkoç

2716 Competency level modelling for school 
leaving examination
Hans-Stefan Siller, Regina Bruder, Tina Hascher, Torsten 
Linnemann, Jan Steinfeld and Eva Sattlberger

2724 Posters

2725 Inferentialism in mathematics education: 
Describing and analysing students’ moves 
in sorting geometrical objects
Abdel Seidou

2727 Crossroads of phenomenology and activity theory 
in the study of the number line perception
Anna Shvarts, Andonis Zagorianakos 

2729 TWG18 
MATHEMATICS TEACHER EDUCATION 
AND PROFESSIONAL DEVELOPMENT

2730 Introduction to the papers of TWG18: Mathematics 
teacher education and professional development
Stefan Zehetmeier, Marc Bosse, Laurinda Brown, Alena 
Hošpesová, Nicolina Malara and Bettina Rösken-Winter 

2733 Research papers

2734 Developing mathematics teachers’ pedagogical content 
knowledge through iterative cycles of lesson study
Aoibhinn Ni Shuilleabhain

2741 Applying the structured problem solving in 
teacher education in Japan – A case study 
Yukiko Asami-Johansson and Iiris Attorps

2748 When working together to plan a lesson in a 
Swedish professional development initiative
Anna Bengtsson

2755 How to improve spatial visualization ability of preservice 
teachers of childhood education: A teaching experiment
Ainhoa Berciano and Guadalupe Gutiérrez

2762 What questions do mathematics mentor teachers ask?
Raymond Bjuland, Reidar Mosvold and Janne Fauskanger

2769 Teachers’ professional development in terms of 
identity development – A shift in perspective 
on mathematics teachers’ learning 
Marc Bosse and Günter Törner

2776 Some characteristics of learning to notice 
students’ mathematical understanding of 
the classification of quadrilaterals 
Ceneida Fernández, Gloria Sánchez-
Matamoros and Salvador Llinares

2783 Pre-service teachers’ growth 
in analysing classroom videos
Marita Friesen, Anika Dreher and Sebastian Kuntze

2790 Mathematical tasks for preservice primary teachers
Mercedes García, Victoria Sánchez and Rocío Toscano

2796 A prospective secondary mathematics 
teacher’s process of developing a progressive 
incorporation perspective 
Gulseren Karagoz Akar, Ali Delice and Emin Aydın

2804 Dimensions of mathematics teaching and their 
implications for mathematics teacher education
Andrea Hoffkamp and Elke Warmuth 

2811 Training primary school teachers through 
research in mathematics’ didactics
Julie Horoks and Brigitte Grugeon-Allys 

2818 Tasks analysis as a mean to reflect and 
(re)think the pedagogical practice of 
teachers who teach mathematics
Cristina Cirino de Jesus*, Márcia Cristina 
de C. T. Cyrino and Hélia Oliveira

2825 Video-based peer discussions as sources for 
knowledge growth of secondary teachers
Ronnie Karsenty, Abraham Arcavi and Yael Nurick

2833 Pre-service mathematics teachers’ 
scaffolding practices
Hulya Kilic 

2840 Advice and guidance for students enrolled in 
teaching mathematics at primary level
Nicole Koppitz and Christof Schreiber

2847 A protocol for analysing mathematics 
teacher educators’ practices
Ana Kuzle, and Rolf Biehler

2854 Principles and tools for teachers’ education and 
the assessment of their professional growth
Nicolina A. Malara and Giancarlo Navarra

2861 Development of teachers’ mathematical and didactic 
competencies by means of problem posing
Uldarico Malaspina, Albert Mallart and Vicenç Font

2867 A development over time of the researchers’ 
meta-didactical praxeologies
Francesca Martignone

2874 Mathematics educator transformation(s) by 
reflecting on students’ non-standard reasoning
Maria Mellone, Arne Jakobsen and C. Miguel Ribeiro

2881 Characterizing one teacher’s participation 
in a developmental research project
Hélia Oliveira and Ana Henriques

2888 A model of theory-practice relations in 
mathematics teacher education
Kaj Østergaard

2895 Uncovering facets of interpreting in diagnostic 
strategies pre-service teachers use in one-
on-one interviews with first-graders
Simone Reinhold



Table of Contents

XVIII

2902 Teacher empowerment and Socioepistemology: An 
alternative for the professional development of teachers
Daniela Reyes-Gasperini, Ricardo 
Cantoral and Gisela Montiel

2909 Instructional coherence as perceived 
by prospective mathematics teachers: 
A case study in Chilean universities
Francisco Rojas and Eugenio Chandía

2916 Word problems of a given structure in 
the perspective of teacher training
Marie Tichá and Alena Hošpesová

2923 Mathematical opportunities: Noticing and acting
Zelha Tunç-Pekkan and Hülya Kılıç

2930 Facebook and mathematics teachers’ professional 
development: Informing our community
Jorryt van Bommel and Yvonne Liljekvist,

2937 How future teachers improve epistemic quality 
of their own mathematical practices
Yuly Vanegas, Vicenç Font and Joaquin Giménez

2944 Posters

2945 Professional development of primary teachers 
during a lesson study in mathematics
Valérie Batteau

2947 A professional development program in formative 
assessment for mathematics teachers – Which 
changes did the teachers do and why?
Erika Boström and Torulf Palm

2949 Analysing student teachers’ lesson plans: 
Mathematical and didactical organisations
Louise Meier Carlsen

2951 Questioning as formative assessment 
and its quality measurement
Veronika Hubeňáková and Dušan Šveda

2953 Motivating student teachers to engage with 
their own mathematics teaching and learning
Suela Kacerja and Beate Lode

2955 Using multimedia in mathematics teaching – New 
challenges for teachers’ competencies
Julia Ollesch, Markus Vogel and Tobias Dörfler

2957 Implications from elementary mathematics 
teachers’ lesson study experience
Deniz Ozen and Nilufer Kose

2959 Lesson study as a professional development 
framework to support an exploratory approach
Marisa Quaresma, João Pedro da Ponte, Joana 
Mata-Pereira and Mónica Baptista

2961 Pre-service mathematics teachers’ view of 
mathematics in the light of mathematical tasks 
Johanna Ruge and Reinhard Hochmuth

2963 Mathematics teachers’ meaning 
making – Problematizing the process of 
learning in and from daily practice
Helén Sterner

2965 First-year teacher students’ mathematical beliefs
Benedikt Weygandt and Reinhard Oldenburg

2967 TWG19 
MATHEMATICS TEACHER AND 
CLASSROOM PRACTICES

2968 Introduction to the papers of TWG19: Mathematics 
teacher and classroom practices
Despina Potari, Lourdes Figueiras, Reidar Mosvold, 
Charalambos Sakonidis and Jeppe Skott

2974 Research papers

2975 Analysis of teachers’ practices: The case of fraction 
teaching at the end of primary school in France
Cécile Allard

2982 Teachers’ attention to task’s potential for 
encouraging classroom argumentative activity
Michal Ayalon and Rina Hershkowitz

2989 Being told or finding out or not: A sociological 
analysis of pedagogic tasks
Jeremy Burke

2995 Elementary teacher practice in project 
work involving statistics
Ana Caseiro, João Pedro da Ponte and Cecília Monteiro

3002 An assessment practice that teacher José uses to 
promote self-assessment of mathematics learning
Paulo Dias and Leonor Santos

3009 Teachers’ response to unexplained answers
Ove Gunnar Drageset

3015 Developing student questioning when problem 
solving: The role of sample student responses
Sheila Evans and Malcolm Swan

3022 Problem solving teaching practices: 
Observer and teacher’s view
Patricio Felmer, Josefa Perdomo-Díaz, Valentina 
Giaconi and Carmen G. Espinoza

3029 Teacher-researcher collaboration as Formative 
Intervention and Expansive learning activity 
Sharada Gade

3036 Instructional practices in mathematics classrooms
Guðný Helga Gunnarsdóttir and Guðbjörg Pálsdóttir

3043 Investigating two trainee teacher educators’ 
transformations of the same resources in 
technology enhanced mathematics
Elissavet Kalogeria and Giorgos Psycharis

3051 A contingent opportunity taken 
investigating in-between fractions
Bodil Kleve and Ida Heiberg Solem

3058 Supporting students’ development of mathematical 
explanation: A case of explaining a definition of fraction
Minsung Kwon

3065 Exploring a framework for classroom culture: 
A case study of the interaction patterns in 
mathematical whole-class discussions
Maria Larsson



Table of Contents

XIX

3072 Teacher and textbook: Reflection on the SDT-model
Ljerka Jukić Matić and Dubravka Glasnović Gracin

3079 Interdiscursivity and developing 
mathematical discourse for teaching
Reidar Mosvold

3086 Teachers’ initiating change in practice due to 
variation of progression of didactical time
Linda G. Opheim

3093 Teaching actions conducting mathematical 
whole class discussions
Joana Mata-Pereira, João Pedro da 
Ponte and Marisa Quaresma

3100 Conducting mathematical discussions as a 
feature of teachers’ professional practice
João Pedro da Ponte and Marisa Quaresma

3107 Mathematics assessment, competition 

3115 

and professional capital
Nick Pratt

Québec anglophone teachers’ pedagogies:  
Observations from an auto-ethnography 
David A Reid, Annie Savard, Dominic 
Manuel and Terry Wan Jung Lin

3122 Teacher alignment of values in mathematics classrooms
Wee Tiong Seah and Annica Andersson

3129 A study for profiling mathematics teachers regarding 
factors affecting promotion of students’ metacognition 
Vuslat Şeker and Engin Ader

3136 Characterizing a highly-accomplished 
teacher’s instructional actions in response 
to students’ mathematical thinking
Rukiye Didem Taylan

3143 Promoting the understanding of graph 
representations by grade 3 students
Isabel Velez and João Pedro da Ponte

3150 Students’ perceptions of Norms 
in a reformed classroom
Richard Wester, Anna Wernberg and Tamsin Meaney  

3157 Relating arithmetical techniques of proportion to 
geometry: The case of Indonesian textbooks
Dyana Wijayanti

3164 Posters

3165 Investigating the voice of two Swedish 
mathematics teacher guides 
Linda Ahl and Tuula Koljonen

3167 Formative assessment in Swedish 
mathematics classroom practice
Catarina Andersson and Erika Boström

3169 Teaching trigonometry based on the meaningful 
learning theory and the conceptual field theory
Marjúnia Edita Zimmer Klein

3170 Attitudes of teachers towards the external evaluation 
system for the assessment of mathematical learning
Giulia Signorini

3172 Formative assessment: Teacher knowledge 
and skills to make it happen
Charlotta Vingsle

3174 Distinct mathematics teaching practices: 
Patterns of argumentation
Jana Zalska and Veronika Tumova

3176 TWG20 
MATHEMATICS TEACHER KNOWLEDGE, 
BELIEFS, AND IDENTITY

3177 Introduction to the papers of TWG20: Mathematics 
teacher knowledge, beliefs, and identity: Some 
reflections on the current state of the art
Miguel Ribeiro, Fatma Aslan-Tutak, Charalambos 
Charalambous and Julia Meinke

3184 Research papers

3185 Systemic Functional Linguistics as a methodological 
tool when researching Patterns of Participation 
Andreas Ebbelind

3192 Why are Laura and Jane “not sure”?
Janne Fauskanger and Reidar Mosvold

3199 Exploring pictorial representations in rational 
numbers: Struggles of a prospective teacher
Nadia Ferreira and João Pedro da Ponte

3206 “Responding to student ideas” as an indicator of a 
teacher’s mathematical knowledge in teaching 
Oguz Koklu and Fatma Aslan-Tutak

3213 Teachers’ resources in analysing mathematical 
content and classroom situations: The case 
of using multiple tepresentations 
Sebastian Kuntze, Anika Dreher and Marita Friesen 

3220 What does it mean as a teacher to “know 
infinity”? The case of convergence series
Miguel Montes and José Carrillo

3227 Primary teacher’ approach to measurement 
estimation activities 
Noemí Pizarro, Núria Gorgorió and Lluís Albarracín

3234 Investigating mathematics teacher identity 
development: A theoretical consideration
Kirsti Rø

3241 Using Concept Cartoons to investigate 
future teachers’ knowledge 
Libuše Samková and Alena Hošpesová

3248 Lessons we have (not) learned from past and current 
conceptualizations of mathematics teachers’ knowledge
Thorsten Scheiner

3254 Characteristics of out-of-field teaching: 
Teacher beliefs and competencies
Sven Schueler, Bettina Roesken-Winter, 
Jochen Weißenrieder, Anselm Lambert 
and Matthias Römer

3262 Contradictions and shifts in teaching with 
a new curriculum: The role of mathematics
Konstantinos Stouraitis, Despina Potari and Jeppe Skott, 



Table of Contents

XX

3269 Confluence of research and teaching: Case 
study of a mathematics teacher
Shikha Takker

3276 Teaching mathematics through storytelling: 
Engaging the ‘being’ of a student in mathematics 
Amanjot Toor and Joyce Mgombelo

3283 The characterisation of the specialised knowledge 
of a university lecturer in linear algebra
Diana Vasco, Nuria Climent, Dinazar Escudero-
Ávila and Eric Flores-Medrano

3289 To what extent can kindergarten teachers and 
primary school teachers initiate and foster 
learning mathematics in typical situations?
Gerald Wittmann, Stephanie Schuler and Anne Levin

3296 Secondary mathematics teachers’ content knowledge 
for teaching in two contexts: Interpreting versus 
managing didactically students’ understandings 
Sotirios Zoitsakos, Theodossios Zachariades 
and Charalambos Sakonidis

3303 Posters

3304 A proposal for the study of mathematics 
teacher reflection 
Mayra A. S. Báez Melendres and 
Rosa María Farfán Márquez 

3306 Teachers’ subjective theories on algebra
Julia Meinke

3308 Mathematical knowledge for teaching geometric 
proof: Learning from teachers’ practices
Lisnet Mwadzaangati



3248CERME9 (2015) – TWG20

Lessons we have (not) learned from past and 
current conceptualizations of mathematics 
teachers’ knowledge

Thorsten Scheiner

University of Hamburg, Hamburg, Germany, Thorsten.Scheiner@uni-hamburg.de

This paper attempts to capture some of the breath of 
frameworks and models on mathematics teachers’ 
knowledge in order to identify central lessons we have 
(not yet) learned from past and current approaches in 
theorizing and conceptualizing a knowledge base for 
teaching mathematics: there are accounts of the complex 
and multidimensional nature of teachers’ knowledge 
but no accounts as to the reorganization of dimensions 
of teachers’ knowledge in order to be more consistent 
with a constructivist view on learning and teaching; 
there are accounts of what teachers’ knowledge is about 
but no accounts as to a structural description of teachers’ 
knowledge. The paper highlights several unsettled issues 
of this research field and certain profitable directions 
for advancement. 

Keywords: Teacher education/development, teacher 

knowledge. 

MAPPING THE TERRAIN OF RESEARCH 
ON TEACHERS’ KNOWLEDGE

With his influential construct of dimensions of teach-
ers’ knowledge in the 1980’s, Lee S. Shulman (1986) 
at Stanford University has guided the research on 
teachers’ knowledge in a new direction and, simulta-
neously, proposed an approach to educational reform 
that labelled teaching a profession (Shulman, 1987). 
Shulman (1986) promoted a paradigm shift in educa-
tional research by assuming the existence of a knowl-
edge base that is special for the purposes of teaching. 
Since then, several interesting approaches, partly 
distinct and partly overlapping, have been devel-
oped that shape the current theoretical landscape in 
mathematics education research on teachers’ knowl-
edge. In the research literature, it is common to follow 
Shulman’s (1987) conceptualization of a knowledge 

base for teaching including (1) content knowledge, 
(2) general pedagogical knowledge, (3) curriculum 
knowledge, (4) pedagogical content knowledge, (5) 
knowledge of learners, (6) knowledge of education-
al contexts, and (7) knowledge of educational ends, 
purposes, and values, and their philosophical and 
historical grounds. Several researchers have made 
attempts to identify features of mathematics teach-
ers’ knowledge that (may) matter in the work of teach-
ing – in many ways, making Shulman’s (1986, 1987) 
conceptualization of domains of teachers’ knowledge, 
and, in particular, subject matter knowledge (SMK) 
and pedagogical content knowledge (PCK) specific to 
teaching mathematics.

The frameworks and models that shape the theoretical 
landscape in the conceptualization of and research on 
mathematics teachers’ knowledge are within a broad 
spectrum of specificity, ranging along general, disci-
pline-specific, domain-specific, and concept-specific 
frameworks and models. Various general frameworks 
contributed to the field, for instance, in (a) document-
ing teachers’ resources (including knowledge), ori-
entations (including beliefs), and goals as critically 
important determinants of what teachers do and why 
they do it (Schoenfeld, e.g., 2010), (b) highlighting that 
besides subject matter knowledge per se there is sub-
ject matter knowledge specific for teaching (Shulman, 
1986, 1987), and (c) providing insights in teacher pro-
ficiency including the identification of various di-
mensions such as knowing students as thinkers and 
learners, reflecting on one’s practice, among many 
others (Schoenfeld & Kilpatrick, 2008). Schoenfeld 
and Kilpatrick’s (2008) contribution builds the bridge 
to discipline-specific frameworks since their work has 
been initially developed for identifying dimensions 
of mathematics teachers’ proficiency but can and has 
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been extended to a general (discipline-unspecific) 
framework. 

A considerable number of research work is located 
in mathematics education research, providing both 
discipline-specific and domain-specific frameworks 
and models (e.g., Ball et al., 2008; Baumert et al., 2010; 
Blömeke et al., 2014; Fennema & Franke, 1992; Hill et al., 
2008; Kilpatrick et al., 2006; Rowland et al., 2005; Tatto 
et al., 2008, 2012). These contributions, among others, 
are of interest in this paper since each contribution 
introduces and examines a particular approach in the-
orizing and conceptualizing the construct of mathe-
matics teachers’ knowledge. They are chosen because 
of their complementary power and their potential to 
study teachers’ knowledge in a more comprehensive 
manner. Instead of reviewing each contribution in 
detail, the following section presents some central les-
sons we have (not yet) learned from these approaches. 

Notice that, with few exceptions (e.g., Even, 1990), 
the mathematics education research community 
has almost neglected concept-specific frameworks. 
However, from the author’s perspective, investigating 
teachers’ knowledge at the level of specific concepts 
is an important issue that needs more attention in 
future research on teachers’ knowledge.

THE RECENT DIVERSITY OF 
CONCEPTUALIZATIONS AS A RESOURCE FOR 
CURRENT AND FUTURE RESEARCH ATTEMPTS

The mathematics education research literature con-
tains a broad range of approaches in theorizing and 
conceptualizing a knowledge base for teaching math-
ematics. The diversity of approaches is, of course, a 
reflection of the complexity of the research field that 
cannot be described, understood, or explained by only 
one theoretical framework. Different frameworks 
evolve for multiple purposes due to different needs in 
given contexts with different implications – some on 
a theoretical, methodological, and/or empirical level. 
The diversity of frameworks may provide a rich re-
source for future research attempts – the frameworks 
and models are important in their own right and may 
prove to be productive in some contexts. 

The broad diversity of approaches starts with the ver-
satile function of frameworks and models of teachers’ 
knowledge: (a) as tools or (b) as objects. While most of 
the frameworks and models of teachers’ knowledge 

are used as tools for guiding research practices, in 
particular for analysing data in empirical investiga-
tions, only a few function as an object of research – 
they are the aim of research practices. This distinction 
between ‘tools for research’ and ‘objects of research’ 
has already been made by Assude and colleagues 
(2008) with reference to theories in mathematics ed-
ucation. While the conceptualization by Ball and her 
colleagues (2008), for instance, can be understood 
as the result of an intensive ‘job analysis’, where 

‘conceptualizing a knowledge for teaching’ was one 
of the goals, the conceptualizations by Blömeke and 
her colleagues (2014) and Tatto and her colleagues 
(2008, 2012) provide tools for empirical investigations 
in an international comparative, large-scale study. 
However, the distinction between frameworks as tools 
or as objects is rather inclusive (than exclusive) since 
the ways in which teachers’ professional knowledge is 
understood and conceptualized impact on how teach-
ers’ knowledge is investigated, and vice versa.

THE KNOWLEDGE BASE FOR 
TEACHING MATHEMATICS IS COMPLEX 
AND MULTIDIMENSIONAL

The different approaches converge in an understand-
ing that teachers’ knowledge is complex and multidi-
mensional. Although the discipline-specific models 
and frameworks mentioned above differ in detail, 
many of them converge in efforts to further refine 
the construct of subject matter knowledge (SMK) and 
pedagogical content knowledge (PCK). The following 
is an attempt to shed light on ways how Shulman’s 
dimensions of SMK and PCK have been refined in the 
above mentioned contributions. 

Subject Matter Knowledge (SMK)
The literature suggests that subject matter knowl-
edge (SMK) can be further differentiated in terms 
of substantive and syntactic structures (Schwab, 
1978), in terms of ways of understanding and ways 
of thinking (Harel, 2008), in terms of school mathe-
matical knowledge and academic content knowledge 
(Bromme, 1994), among others. Each further distinc-
tion has shed light into important issues: Shulman 
(1986, 1987), for instance, emphasized Schwab’s (1978) 
distinction between substantive and syntactic struc-
tures of a discipline. Substantive structures are the 
key principles, theories, and explanatory frameworks 
that guide inquiry in the discipline, while syntactic 
structures provide the procedures and mechanisms 
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for the acquisition of knowledge, and include the 
canons of evidence and proof. As already noticed by 
Rowland and Turner (2008), the term ‘syntactic’ is 
mainly associated to the formal structure, thus, it 
seems that Schwab’s (1978) choice of the word ‘syntac-
tic’ is unfortunate since it does not capture the heart 
of the intended meaning that is, as argued by Rowland 
and Turner (2008), the heuristics of inquiry. However, 
Schwab’s distinction has been an initial point to think 
about various dimensions of SMK. 

In synthesis, it can be stated that several researchers 
have refocused on the centrality of SMK in teaching. 
However, crucial in the literature is the assumption 
that there is unique content knowledge for teaching 
mathematics and that having such knowledge is key to 
the enactment of rich mathematics. The notion of ‘spe-
cialized content knowledge’ introduced by Ball and her 
colleagues, described as pure content knowledge “that 
is tailored in particular for the specialized uses that 
come up in the work of teaching” (Hill et al., 2008, p. 
436), is a key contribution in efforts to examine dimen-
sions of mathematical knowledge considered as being 
crucial for the purposes of teaching. In contrast to the 
former refinements of SMK, the notion of ‘specialized 
content knowledge’ has the potential to go beyond just 
differentiating mathematical content knowledge in 
various (qualitatively different) sub-facets (such as to 
think about content knowledge in terms of procedural 
and conceptual knowledge, school mathematical and 
academic content knowledge, etc.). This ‘specialized 
content knowledge’ is not the kind that disciplinary 
experts would necessary possess. As a consequence, 
in contrast to Shulman (1986) treating ‘subject matter 
knowledge for teaching’ as equivalent to PCK, these 
considerations lead to the claim that there is pure 
mathematical knowledge specialized for teaching 
mathematics. Furthermore, it is argued that this kind 
of mathematical knowledge is not merely qualitatively 
but may be fundamentally different to SMK per se. 
This argument is rooted in the observation that SMK 
per se is primarily aimed at creating new knowledge, 
while SMK for teaching is essentially aimed at pro-
moting students’ mathematical thinking and learning. 
In this work, the former kind of knowledge is called 
mathematical content knowledge per se (MCK per se) 
and the latter kind of knowledge is called mathemati-
cal content knowledge for teaching (MCK for teaching). 

Notice that ‘mathematical content knowledge per se’ 
is not equal to what Ball and her colleagues (e.g., 2008) 

described as ‘common content knowledge’ since it is 
not limited to the knowledge ‘held or used by an av-
erage mathematically literate citizen’ but may also 
include academic content knowledge, for instance. 
Mathematical content knowledge per se can be con-
sidered as not only including basic factual knowledge 
of mathematics but also the conceptual knowledge of 
structuring and organizing principles of mathematics 
as a discipline as described and operationalized in the 
TEDS-M framework (Tatto et al., 2008).  Moreover, it 
can be described in terms of Kilpatrick, Blume, and 
Allen’s (2006) mathematical proficiency with content 
including conceptual understanding, procedural flu-
ency, strategic competence, adaptive reasoning, pro-
ductive disposition, and knowledge of structure and 
conventions, among others.

Pedagogical Content Knowledge (PCK)
Since Shulman’s (1986) introduction of the construct 
of PCK, many researchers have added and further 
elaborated attributes and components of PCK. The 
above mentioned contributions provide various ways 
to refine the construct PCK, including, but not limited 
to, knowledge of cognitive requirements for learn-
ing, knowledge of students’ conceptions, knowledge 
of epistemological obstacles of particular mathemat-
ical concepts, and knowledge of instructional strate-
gies. Although even representing refinements of PCK, 
these subcategories are quite broad and often remain 
unspecified. Rowland and his colleagues’ (e.g., 2005) 
work let to the identification of several subcategories 
that could be grouped into four units. Although their 
units are broad, the underlying subcategories pro-
vide some specificity. Another example is the work 
by Hill, Ball, and Schilling (2008) in making effort to 
conceptualize, develop, and test measures of teachers’ 
knowledge of content and students (KCS). The same 
authors, although providing with KCS a subdivision 
of pedagogical content knowledge, state that even 
their subcategory is multidimensional (see Hill, Ball, 
& Schilling, 2008). Thus, various researchers assume 
that it is reasonable to further refine the various sub-
categories. 

The subcategories of PCK identified in the above men-
tioned frameworks and models can be clustered into 
three dimensions, namely (1) an epistemological di-
mension, (2) a cognitive dimension, and (3) a didactical 
dimension. The epistemological dimension refers to 
knowledge about the epistemological foundations of 
mathematics and mathematics learning (see Bromme, 
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1994). For instance, Harel (e.g., 2008) calls for teachers’ 
knowledge of epistemological issues involved in the 
learning of specific mathematical concepts, including 
knowledge of epistemological obstacles. The cognitive 
dimension refers to knowledge of students’ cognitions 
(Fennema & Franke, 1992), in particular, knowledge of 
students’ common conceptions (see Shulman, 1987), 
knowledge of students’ cognitive difficulties involved 
in concept construction (Harel, 2008), and the inter-
pretation of students’ emerging thinking (Ball et al., 
2008). In other words, it includes knowledge of how 
students think, learn, and acquire specific mathemat-
ical knowledge (Fennema & Franke, 1992). The didac-
tical dimension refers to what Shulman (1986, p. 9) 
described as knowledge of “the most useful ways of 
representing and formulating the subject that make 
it comprehensible to others”, including teachers’ illus-
trations and alternative ways of representing concepts 
(and the awareness of the relative cognitive demands 
of different topics) (Rowland et al., 2005) and knowl-
edge of the design of instruction (Ball et al., 2008). 

In summary, it can be stated that the frameworks 
and models about teachers’ knowledge mentioned 
above can be understood as elaborating rather than 
replacing Shulman’s (1986; 1987) contribution within 
this field. The approaches taken and the conceptu-
alizations of teachers’ knowledge proposed are not 
inconsistent, nor are the identified dimensions of 
mathematics teachers’ knowledge mutually exclusive. 
In contrast, the identified dimensions are complemen-
tary and provide, taken together, a more refined pic-
ture of conceptualizing the teachers’ knowledge base. 

The considerations proposed above demonstrate the 
multidimensional nature of mathematics teacher 
knowledge, in particular, the multidimensionality 
of SMK and PCK. Although the distinction between 
SMK and PCK is ambitious, several scholars take the 
view that the two categories, and, in particular, their 
corresponding subcategories, are useful tools in de-
scribing teachers’ knowledge for research purposes 
and particularly in devising teachers’ professional 
development programs.

MOVING AWAY FROM SHULMAN’S 
ORIGINAL CONCEPTUALIZATION 

The above mentioned contributions present strong 
cases that progress can and has been made in the con-
ceptualization of teachers’ knowledge. As mentioned 

above, several scholars have particularly reformulat-
ed the concept of PCK, by refining sub-dimensions or 
identifying dimensions of teachers’ knowledge and 
adding them to the construct of PCK. Thus, it can be 
seen that researchers have assimilated the notion of 
PCK and redefined it according to their beliefs or to 
findings from empirical studies. Although the men-
tioned studies represent reformulations of the concept 
of PCK, Shulman’s conceptualization of PCK was still 
the theoretical starting point for these studies. In this 
process of further refinement and extension, howev-
er, researchers’ understanding and interpretation of 
PCK have moved away from Shulman’s original con-
ceptualization. For instance, the concept of PCK has 
almost lost its most important characteristic, namely 
its topic specificity (Hashweh, 2005). PCK, according to 
Shulman’s definition, is not only specifically related to 
topics within certain disciplines, but also research on 
PCK typically does not result in a description of ‘expert 
teaching’ as if there would be one optimal way to teach 
certain subject matter (see, Shulman, 1987). From the 
author’s perspective, recent research on mathematics 
teachers’ knowledge tend to ignore the complex nature 
of PCK as a form of teachers’ professional knowledge 
that is highly topic, person, and situation specific (for 
overviews see, e.g., Abell, 2007; Van Driel & Berry, 2010).

A NARROW FOCUS ON THE DISCIPLINE 

Many in the field of teacher education today take 
Shulman’s conceptualization of the knowledge base for 
teaching for granted – accepting the view of pedagogi-
cal content knowledge (PCK) as an adaption of subject 
matter knowledge for the teaching enterprise, a pro-
cess Shulman (1987) called transformation. However, 
with restricting PCK to the capacity to transform the 
subject matter of the discipline to subject matter of 
the school subject, Shulman places the subject matter 
content at the centre of conceptualizing the knowledge 
base for teaching. As a consequence, past and recent 
research on mathematics teachers’ knowledge limit-
ed their focus on teachers’ unpacking of mathematics 
content in ways accessible to their students. In doing 
so, the attention is focused entirely on the discipline. 
However, in being more consistent with a constructiv-
ist view of learning, the emphasis needs to be shifted 
from knowledge of the discipline to knowledge about 
how students’ knowing and learning actually progress-
es. Thus, a reconceptualization of the knowledge base 
for teaching mathematics is needed toward a theory of 
teaching grounded in research on students’ learning.
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FROM REFINEMENT TO REORGANIZATION: 
TURNING THE REFINEMENTS ON THEIR HEADS

We have learned a great deal of the necessity for re-
fining Shulman’s initial work toward more specific 
descriptions of the knowledge base for teaching math-
ematics. Whereas it was important to initially identi-
fy and define various sub-dimensions of SMK and PCK 
and making progress in obtaining empirical evidence 
to support each piece of the puzzle, interpreting them 
in light of a model of cognition and learning certain 
subject matter may allow for the integration of the 
various pieces into one framework for mathemat-
ics teachers’ knowledge. Thus, the time has come to 
move from further refining to reorganizing sub-di-
mensions of teachers’ knowledge. As indicated above, 
the various refinements of PCK seem to converge in 
three domains, namely (1) knowledge of students’ un-
derstandings (KSU), (2) knowledge of learning math-
ematics (KLM), and (3) knowledge of teaching mathe-
matics (KTM). KSU refers to a cognitive perspective, 
KLM to an epistemological perspective, and KTM to 
a didactical perspective on this issue. In this work, 
knowledge of students’ understanding (KSU), knowl-
edge of learning mathematics (KLM), and knowledge 
of teaching mathematics (KTM), together with math-
ematical content knowledge per se (MCK per se) and 
mathematical content knowledge for teaching (MCK 
for teaching) build the knowledge bases that constitute 
the particular kind of knowledge that is considered as 
specialized for the purposes of teaching mathematics. 
In doing so, past and current approaches in research 
on mathematics teachers’ knowledge are turned on 
their heads in the sense of taking the identified (and 
refined) knowledge dimensions as building blocks for 
the construct of ‘knowledge for teaching mathematics’. 

GOING BEYOND WHAT TEACHERS’ KNOWLEDGE 
IS ABOUT: A WINDOW TO A STRUCTURAL 
DESCRIPTION OF TEACHERS’ KNOWLEDGE

While the subcategories of mathematics teachers’ 
knowledge identified in the above mentioned contri-
butions are crucial pieces of the puzzle, we have not 
learned how these pieces fit together. In the past, the 
primarily focus was on what knowledge is held by 
teachers, and how that knowledge is used in practice. 
It seems that, with few exceptions, the literature has 
limited its focus on the content teachers do or should 
possess. However, a key theoretical concern aris-
ing in the realm of theorizing and conceptualizing 

mathematics teachers’ knowledge is the question on 
how the knowledge is structured and organized. To 
put it in other words, what is missing in the current 
landscape of the conceptualization of mathematics 
teachers’ knowledge are attempts to go beyond what 
the teachers’ knowledge is about to include a struc-
tural description of teachers’ professional knowledge. 
Drawing on the ‘knowledge in pieces’ framework de-
veloped by diSessa (e.g., 1993), Scheiner (2014) pro-
poses to consider teachers’ professional knowledge 
as a complex system of ‘knowledge atoms’. 

‘Knowledge for teaching mathematics’ is consid-
ered as the repertoire of ‘knowledge atoms’ that 
have been transformed along (1) knowledge of 
students’ mathematical understandings (KSU), 
(2) knowledge of learning mathematics (KLM), 
and (3) knowledge of teaching mathematics 
(KTM), taking (4) mathematical content knowl-
edge per se (MCK per se) and (5) mathematical 
content knowledge for teaching (MCK for teach-
ing) as the cornerstones. (Scheiner, 2014, in press) 

With this perspective, several angles for theoretical 
reflection on the nature and form of teachers’ knowl-
edge are presented, including those concerning the 
degree of integration, size, specificity, and source of 
teachers’ knowledge. The notion of ‘transformation’, 
for instance, indicates that the constituent knowledge 
bases are inextricably combined into a new form of 
knowledge that is more powerful than the sum of its 
parts (concerning degree of integration), while the no-
tion of ‘knowledge atom’ indicates that knowledge 
is of a microstructure, highly context-sensitive, and 
concept-specific and has to be considered as of a fine-
grained size (concerning size and specificity). Notice 
that in contrast to Shulman and his proponents’ work 
taking content knowledge and pedagogical knowl-
edge as the constituent knowledge bases for teach-
ing, it is KSU, KLM, and KTM, together with MCK per 
se and MCK for teaching that build the constituent 
knowledge bases for teaching mathematics (concern-
ing source). A more detailed elaboration of first at-
tempts towards a structural description of teachers’ 
knowledge can be found in Scheiner (in press). 
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