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Abstract
Mathematical modelling competencies have become a prominent construct in research on 
the teaching and learning of mathematical modelling and its applications in recent dec-
ades; however, current research is diverse, proposing different theoretical frameworks and 
a variety of research designs for the measurement and fostering of modelling competen-
cies. The study described in this paper was a systematic literature review of the literature 
on modelling competencies published over the past two decades. Based on a full-text anal-
ysis of 75 peer-reviewed studies indexed in renowned databases and published in English, 
the study revealed the dominance of an analytical, bottom-up approach for conceptualizing 
modelling competencies and distinguishing a variety of sub-competencies. Furthermore, 
the analysis showed the great richness of methods for measuring modelling competencies, 
although a focus on (non-standardized) tests prevailed. Concerning design and offering for 
fostering modelling competencies, the majority of the papers reported training strategies 
for modelling courses. Overall, the current literature review pointed out the necessity for 
further theoretical work on conceptualizing mathematical modelling competencies while 
highlighting the richness of developed empirical approaches and their implementation at 
various educational levels.
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Modelling and applications are essential components of mathematics, and applying mathemat-
ical knowledge in the real world is a core competence of mathematical literacy; thus, fostering 
students’ competence in solving real-world problems is a widely accepted goal of mathemat-
ics education, and mathematical modelling is included in many curricula across the world. 
Despite this consensus on the relevance of mathematical modelling competencies, various 
influential approaches exist that define modelling competencies differently. In psychological 
discourse, competencies are mainly defined as cognitive abilities for solving specific problems, 
complemented by affective components, such as the volitional and social readiness to use the 
problem solutions (Weinert, 2001). In the mathematics educational discourse, Niss and Høj-
gaard (2011, 2019) emphasized cognitive abilities as the core of mathematical competencies 
within their extensive framework, an updated version of which has recently been published; 
therefore, the question of how to conceptualize competence as an overall construct, with com-
petency and competencies as associated derivations, remains open.

The discussion on the teaching and learning of mathematical modelling, which began 
in the 1980s, has emphasized the practical application of mathematical modelling skills; 
for example, the prologue of the proceedings of the first conference on the teaching and 
learning of mathematical modelling and applications (hereafter ICTMA) stated: “To 
become proficient in modelling, you must fully experience it – it is no good just watch-
ing somebody else do it, or repeat what somebody else has done – you must experience 
it yourself” (Burghes, 1984, p. xiii). This strong connection to proficiency may be one 
reason for the early development of the discourse on modelling competencies compared 
to other domains, such as teacher education.

Despite this broad consensus on the importance of modelling competencies and the 
relevance of the modelling cycle in specifying the expected modelling steps and phases, 
no worldwide accepted research evidence exists on the effects of short- and long-term 
mathematical modelling examples and courses in school and higher education on the 
development of modelling competencies. One reason for this research gap may be the 
diversity of instruments for measuring modelling competencies and the lack of agreed-
upon standards for investigating the effects of fostering mathematical modelling compe-
tencies at various educational levels, which depends on reliable and valid measurement 
instruments. Finally, only a few approaches have addressed or further developed the 
construct of mathematical modelling competencies and/or its descriptions and compo-
nents. Precise conceptualizations of mathematical modelling competence as a construct 
are needed to underpin reliable and valid measurement instruments and implementation 
studies to foster mathematical modelling competencies effectively.

With this systematic literature review, the results of which are presented in this 
paper, we aimed to analyze current state-of-the-art research regarding the development 
of modelling competencies and their conceptualization, measurement, and fostering. 
This analysis hopefully will contribute to a better understanding of the previously men-
tioned research gaps and may encourage further research.

1 � Theoretical frameworks as the basis for the research questions 
and analysis

To date, only one comprehensive literature review on modelling competencies—a classical lit-
erature search on modelling competencies by Kaiser and Brand (2015)—has been conducted, 
constituting an important starting point for the current discourse on mathematical modelling. 
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Contrasting with the present systematic literature review using reputable databases, this clas-
sical literature review was based on the proceedings of the biennial ICTMA series. A study by 
the International Commission on Mathematics Instruction (ICMI) on modelling and applica-
tions (the 14th ICMI Study), conducted at the International Congress of Mathematical Edu-
cation’s (ICME’s) international quadrennial congresses, reviewed related books published by 
special groups, together with special issues of mathematics educational journals and other 
journal papers. Based on this literature survey, the development of the discourse on modelling 
competencies since the start of the international conference series in 1983 was reconstructed 
by Kaiser and Brand (2015).

The review indicated that the early discourse addressed the constructs of modelling skills 
or modelling abilities, including metacognitive skills. The first widespread use of the model-
ling competence construct emerged with the 14th ICMI Study on Applications and Modelling, 
a separate part of which was devoted to modelling competencies (Blum et al., 2007). More or 
less simultaneously, the discussion on modelling competence, and its conceptualization and 
measurement, started at ICTMA12 (Haines et al., 2007) and continued at ICTMA14 (Kaiser 
et al., 2011), with both proceedings containing sections on modelling competencies.

In their literature review, Kaiser and Brand (2015) distinguished four central perspectives 
on mathematical modelling competencies with different emphases and foci. These four per-
spectives were characterized as follows:

•	 Introduction of modelling competencies and an overall comprehensive concept of compe-
tencies by the Danish KOM project (Niss & Højgaard, 2011, 2019)

•	 Measurement of modelling skills and the development of measurement instruments by a 
British-Australian group (Haines et al., 1993; Houston & Neill, 2003)

•	 Development of a comprehensive concept of modelling competencies based on sub-com-
petencies and their evaluation by a German modelling group (Kaiser, 2007; Maaß, 2006)

•	 Integration of metacognition into modelling competencies by an Australian modelling 
group (Galbraith et al., 2007; Stillman, 2011; Stillman et al., 2010).

These perspectives shaping the discourse on modelling competencies followed two distinct 
approaches to understanding and defining mathematical modelling competence: a holistic 
understanding and an analytic description of modelling competencies, referred to as top-down 
and bottom-up approaches by Niss and Blum (2020).

In the following, we describe these two diametrically opposite approaches and identify 
intermediate approaches.

1.1 � A holistic approach to mathematical modelling competence—the top‑down 
approach

The Danish KOM project first clarified the concept of modelling competence, which was 
embedded by Niss and Højgaard (2011) into an overall concept of mathematical compe-
tence consisting of eight mathematical competencies. The modelling competency was 
defined as one of the eight competencies, which were seen as aspects of a holistic descrip-
tion of mathematical competency, in the sense of Shavelson (2010). The modelling compe-
tency was defined by Niss and Højgaard (2011) as follows:

This competency involves, on the one hand, being able to analyze the foundations 
and properties of existing models and being able to assess their range and validity. 
Belonging to this is the ability to ‘de-mathematise’ (traits of) existing mathematical 
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models; i.e. being able to decode and interpret model elements and results in terms 
of the real area or situation which they are supposed to model. On the other hand, 
competency involves being able to perform active modelling in given contexts; i.e. 
mathematising and applying it to situations beyond mathematics itself. (p. 58)

In their revised version of the definition of mathematical competence, Niss and Høj-
gaard (2019) explicitly excluded affective aspects such as volition and focused on cognitive 
components. Referring to the mastery of the modelling competency, Blomhøj and Høj-
gaard Jensen (2007) developed three dimensions for evaluation:

•	 Degree of coverage, referring to the part of the modelling process the students work 
with and the level of their reflection

•	 Technical level, describing the kind of mathematics students use
•	 Radius of action, denoting the domain of situations in which students perform mod-

eling activities.

Niss and Blum’s (2020) description of these approaches called this definition the “top-
down” definition, referring explicitly to the expression “modelling competency” as singu-
lar, denoting a “distinct, recognizable and more or less well-defined entity” (p. 80).

Concerning the fostering of modelling competencies, Blomhøj and Jensen (2003) dis-
tinguished holistic and atomistic approaches. The holistic approach depends on a full-scale 
modelling process, with the students working through all phases of the modelling process. 
In the atomistic approach, students concentrate on selected phases of the modelling process, 
especially the processes of mathematizing and analyzing models mathematically, because 
these phases are seen as especially demanding. However, the authors issued a strong plea for 
a balance between these two approaches, since neither of them alone was seen as adequate.

1.2 � An analytic approach to modelling competencies and sub‑competencies—the 
bottom‑up approach

The analytic definition of competence refers to the seminal work of Weinert (2001), 
which described it as “the cognitive abilities and skills available to individuals or 
learnable through them to solve specific problems, as well as the associated motiva-
tional, volitional and social readiness and abilities to use problem solutions success-
fully and responsibly in variable situations” (Weinert, 2001, p. 27f). Based on this 
definition, modelling competencies were distinguished from modelling abilities: “Mod-
elling competencies include, in contrast to modelling abilities, not only the ability but 
also the willingness to work out problems, with mathematical aspects taken from real-
ity, through mathematical modelling” (Kaiser, 2007, p. 110). Similarly, Maaß (2006) 
described modelling competencies as the ability and willingness to work out problems 
with mathematical means, including knowledge as the inevitable basis for competen-
cies. The emphasis on knowledge as part of competence is in line with the discussion 
on competencies in the professional development of teachers; the most recent approach 
within this discussion on competence as a continuum aims to connect dispositions, 
including knowledge and beliefs, with situation-specific skills and classroom perfor-
mance (Blömeke et al., 2015). Due to the fact that no standard methods exist for math-
ematical modelling as a means to find solutions to real-world problems, many cogni-
tive and affective barriers must be overcome. This situation makes metacognitive skills 
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and knowledge needed to monitor modelling activities highly relevant to the develop-
ment of non-standard approaches. The construct of metacognition has been introduced 
into the broad discussion about the teaching and learning of mathematical modelling 
and plays an increasing role within the current modelling discourse, which was called 
for by Stillman and Galbraith in 1998 and further developed by, among others, Still-
man (2011) and Vorhölter (2018).

Departing from the developments described above, a distinction has been developed 
between global modelling competencies and the sub-competencies of mathematical 
modelling within the mathematical modelling discourse (Kaiser, 2007; Maaß, 2006). 
Global modelling competencies are defined as the abilities necessary to perform and 
reflect on the whole modelling process, to at least partially solve a real-world prob-
lem through a model developed by oneself, to reflect on the modelling process using 
meta-knowledge, and to develop insight into the connections between mathematics and 
reality and into the subjectivity of mathematical modelling. Furthermore, social com-
petencies, such as the ability to work in groups and communicate about and via math-
ematics, are part of global competencies.

The sub-competencies of mathematical modelling relate to the modelling cycle, of 
which different descriptions exist, including the different competencies essential for 
performing individual steps of the modelling cycle. Based on early work by Blum and 
Kaiser (1997) and subsequent extensive empirical studies, the following sub-compe-
tencies of modelling competence were distinguished by Kaiser (2007, p. 111) and sim-
ilarly by Maaß (2006):

•	 Competencies to understand real-world problems and to develop a real-world 
model

•	 Competencies to create a mathematical model out of a real-world model
•	 Competencies to solve mathematical problems within a mathematical model
•	 Competencies to interpret the mathematical results in a real-world model or a real-

world situation
•	 Competencies to challenge the developed solution and carry out the modelling pro-

cess again, if necessary

Due to the strong reference to sub-competencies as part of the construct compe-
tence, this approach is called the analytic approach or, according to Niss and Blum 
(2020), the “bottom-up approach” (p. 80). Stillman et  al. (2015) noted in their sum-
marized description of this perspective the comprehensive character of this approach, 
referring to the early development of assessment instruments with multiple-choice 
items mapped to indicators of each sub-competence (e.g., Haines et al., 1993), which 
was adopted by further studies. Additionally, different levels of modelling competence 
were distinguished based, for example, on various test instruments (Maaß, 2006; Kai-
ser, 2007) and metacognitive frameworks (Stillman, 2011).

1.3 � Further approaches to mathematical modelling competence

Further approaches concerning the construct of mathematical modelling competence 
can be distinguished, which this section briefly summarizes.

In their survey paper for the ICMI study on mathematical modelling and applications, 
Niss et al. (2007) proposed an enrichment of the top-down method, which integrated the 
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main characteristics of the top-down approach with elements of the bottom-up approach. 
Referring to the holistic approach to competency, they defined mathematical modelling 
competency as follows:

[The] ability to identify relevant questions, variables, relations or assumptions in a 
given real world situation, to translate these into mathematics and to interpret and 
validate the solution of the resulting mathematical problem in relation to the given 
situation, as well as the ability to analyze or compare given models by investigat-
ing the assumptions being made, checking properties and scope of a given model 
etc. in short: modelling competency in our sense denotes the ability to perform the 
processes that are involved in the construction and investigation of mathematical 
models. (p. 12–13)

Furthermore, social competencies and mathematical competencies were included in 
this approach, which had (at least initially) some similarities to the bottom-up approach; 
however, with the inclusion of a critical analysis of modelling activities, this approach 
can be seen as resembling the top-down approach. In our systematic literature review, 
we call this approach a top-down enriched approach.

Other approaches have also been developed in the past, and hierarchical level-ori-
ented approaches in particular have received some attention; for example, Henning and 
Keune (2007) focused on the cognitive demands of modelling competencies and distin-
guished them as follows: level one recognition and understanding of modelling, level 
two independent modelling, and level three meta-reflection on modelling. Furthermore, 
design-based model-eliciting activity principles, which had been developed as assess-
ment tools for modelling competencies, were proposed as competence framework (Lesh 
et al., 2000). Another framework taken up within the discourse was the framework for 
the successful implementation of mathematical modelling (Stillman et al., 2007).

Summarizing the description of the theoretical approaches to mathematical model-
ling competencies, we can state that only a few established theoretical frameworks cur-
rently exist, which are difficult to discriminate between, as they refer to each other and 
the ongoing discourse. Overall, although modelling competencies are clearly conceptu-
alized, as evidenced by the inclusion of current approaches in the ongoing discussion, 
we could not identify a rich variety of conceptualizations on which to build our litera-
ture review.

1.4 � Research questions

Building upon the above-mentioned theoretical frameworks for conceptualizing modelling 
competencies and ways to measure and foster them, our study systematically reviewed the 
existing literature in the field of modelling competencies. In order to reveal how cumulative 
progress has been made in research over the past few decades, we endeavored to answer the 
following research questions and analyze them over time (i.e., the last three decades):

1.4.1 � Study characteristics and research methodologies

•	 How are the studies on modelling competencies distributed, and how can they be 
characterized by the country of origin of the authors, appearance over time, type of 
paper (theoretical or empirical; conference proceedings papers or journal papers), use 
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of research methods, educational level involved, previous modelling experience before 
implementing the study, and type of modelling task used?

1.4.2 � Characteristics of the studies concerning the conceptualization, measurement, 
and fostering of modelling competencies

•	 How have researchers conceptualized modelling competencies? Are the theoretical per-
spectives identified and described in the theoretical frameworks also reflected in the 
various empirical studies? Are modelling competencies conceptualized as a holistic 
construct, or are they further differentiated as analytic constructs using various sub-
competencies?

•	 Which instruments for measuring modelling competencies have researchers used to 
study (preservice) teachers’ or school students’ modelling competencies? Specifically, 
what types of instruments and data collection methods were used, which groups were 
targeted, and what were the sample sizes?

•	 Which interventions for fostering and measuring modelling competencies have 
researchers used to support (preservice) teachers’ or school students’ modelling compe-
tencies?

In the following section, we describe the methods used for this literature review 
before we present the results. The paper closes with an outlook on further perspec-
tives on the work based on this systematic literature review and on the contributions 
of the papers in this special issue of Educational Studies in Mathematics on modelling 
competencies.

2 � Methodology of the systematic literature review

2.1 � Search strategies and manuscript selection procedure

To uncover the current state of the research conceptualizing mathematical modelling 
competencies and their measurement and fostering, we conducted a systematic litera-
ture review. This approach involves “a review of a clearly formulated question that 
uses systematic and explicit methods to identify, select, and critically appraise rele-
vant research, and to collect and analyze data from the studies that are included in the 
review” (Moher et al., 2009, p. 1).

The current review followed the most recent Preferred Reporting Items for Systematic 
Reviews and Meta-Analysis (PRISMA) guidelines (Page et al., 2021). The final literature 
search was carried out on March 17, 2021 in the following databases: (1) Web of Sci-
ence (WoS) Core Collection, (2) Scopus, (3) PsycINFO, (4) ERIC, (5) Teacher Reference 
Center, (6) IEEEXplore Digital Library, (7) SpringerLink, (8) Taylor & Francis Online 
Journals, (9) zbMATH Open, (10) JSTOR, (11) MathSciNet, and (12) Education Source. 
These databases have high-quality indexing standards and a high international reputation. 
Furthermore, they contain many studies in the field of educational sciences, particularly 
in mathematics education research. In order to capture the relevant studies in the field of 
mathematics education research, search strings with Boolean operators and asterisks were 
used in the systematic review, as shown in Table 1.
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The current survey focused on studies conducted in the field of mathematics education, 
published in English, which closely related to the conceptualization, measurement, or fos-
tering of mathematical modelling competencies. Our search embraced studies conducted 

Table 1   Search strings

Database Search terms

WoS (Core Collection) TOPIC: (model* competenc* AND math*)
Refined by: WEB OF SCIENCE CATEGORIES:
(Education Educational Research OR Mathematics OR Education 

Scientific Disciplines OR Education Special) AND LANGUAGES: 
(English) AND DOCUMENT TYPES: (Article OR Book Chapter 
OR Review OR Early Access OR Proceedings Paper)

Scopus (TITLE-ABS-KEY (model* AND competenc*) AND TITLE-ABS-
KEY ( math*)

Refined by: (LIMIT-TO (SUBJAREA, “SOCI”) OR LIMIT-TO (SUB-
JAREA, “MATH”) AND (LIMIT-TO (LANGUAGE, “English”)

PsycINFO TI model* competenc* AND TX math*
ERIC TI model* competenc* AND TX math*
Teacher Reference Center TI model* competenc* AND TX math*
MathSciNet TI model* competenc* AND TX math*
Education Source TI model* competenc* AND TX math
IEEEXplore Digital Library (“Document Title”: model* competenc*) AND (“Full Text & Meta-

data”: math*)
SpringerLink Title: model* competenc*
Taylor & Francis Online Journals Title: model* competenc* AND All: math*
zbMATH Open ti:model* competenc* & any: math*
JSTOR (ti:(model* competenc*) AND (math*))

Table 2   Inclusion and exclusion criteria

Inclusion criterion (IC) Exclusion criterion (EC)

IC1: Studies at all levels of mathematics education 
including mathematics as a service subject

EC1: Studies in a discipline other than mathematics 
education

IC2: Studies focusing on the conceptualization, 
measurement, or fostering of the modelling 
competencies of preservice teachers or students in 
school or tertiary education

EC21: Studies not focusing on the conceptualization, 
measurement, or fostering of modelling competen-
cies

EC22: Studies mentioning the conceptualization, 
measurement, or fostering of modelling competen-
cies, but not focusing on them

IC3: Studies published in English EC3: Studies not published in English
IC4: Document types: journal articles, reviews, 

book chapters, or proceedings papers
EC4: Document types: editorials, whole books, book 

reviews, and notes
IC5: Studies indexed in Web of Science Core 

Collection, Scopus, PsycINFO, ERIC, Teacher 
Reference Center, zbMATH Open, JSTOR, IEE-
EXplore Digital Library, SpringerLink, Taylor & 
Francis Online Journals, MathSciNet, or Educa-
tion Source

EC5: Studies not indexed in any database included 
in IC5
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at all levels of mathematics education and did not restrict the publication year of the stud-
ies. Overall, to specify eligible manuscripts for the review, we used five inclusion and five 
exclusion criteria as presented in Table 2; since not all exclusion criteria were exact oppo-
sites of the inclusion criteria, we separated exclusion and inclusion criteria. All the authors 
of this study were responsible for determining the eligibility of the papers for inclusion.

In addition to the electronic database search, on the basis of the first four criteria 
(IC1-IC4 and EC1-EC4), we conducted a hand-search for key conference proceedings 
that are important for mathematical modelling research, although they were not indexed 
in the electronic databases (amongst others as they were not registered by their publish-
ers). We therefore screened the ICTMA proceedings from 1984 to 2009 and the recently 
published ICTMA19 proceedings. There was no need to manually screen the remain-
ing ICTMA proceedings since they were already indexed in databases covered by IC5. 
Hand-searching is an accepted way of identifying the most recent studies that have not 

Fig. 1   Flow diagram of the manuscript selection process
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yet been included in or indexed by academic databases (Hopewell et  al., 2007).The 
manuscript selection process was conducted in three main stages: (1) identification, (2) 
screening, and (3) inclusion (Page et al., 2021). In the identification stage, search strings 
from Table 1 were used, and a literature search of the 12 listed databases yielded 6,146 
records. Endnote served as bibliographic software for managing references and removing 
duplicate records. After discarding 670 duplicate records, we moved to the initial screen-
ing of 5,476 records. Additionally, we found 411 potentially eligible records through 
hand-searching and screened all 5,887 reports based on their titles, abstracts, and key-
words. First, we used the “refine” or “limit to” features of the electronic databases to 
exclude 3,276 papers by selecting the document type as journal article, book chapter, 
or conference proceedings; the language as English (all databases); and subject areas as 
education/educational research and educational scientific disciplines (WoS), education 
(Taylor & Francis Online Journals, SpringerLink, and JSTOR), social sciences (Scopus), 
and mathematics (WoS and Scopus). We then manually screened the remaining 2,611 
reports’ titles, abstracts, and keywords on the basis of our ICs and ECs and found 204 
potentially relevant studies through independent examination by the authors. At the end 
of the screening stage, we examined the full-text versions of these 204 studies based on 
our eligibility criteria, as mentioned in Table 2. Ultimately, we included 75 studies in the 
systematic review with the full agreement of all the authors. Figure 1 illustrates the flow 
chart for the entire manuscript selection process.

2.2 � Data analysis

Our analysis included 75 papers, which are described in Tables 9, 10, 11, and 12 in the 
Appendix and displayed in the electronic supplementary material. The analysis of the cur-
rent review mainly consisted of a screening and a coding procedure. First, the eligible stud-
ies were screened three times by the authors and examined in-depth. A coding scheme was 
then developed, and the codes were structured around our research questions according to 
four overarching categories:

•	 Study characteristics and research methodologies (research question 1)
•	 Theoretical frameworks for modelling competencies (research question 2)
•	 Measuring mathematical modelling competencies (research question 3)
•	 Fostering mathematical modelling competencies (research question 4)

Table  3 exemplifies our coding concerning the theoretical conceptualization of the 
reviewed papers.

The analysis was carried out according to the qualitative content analysis method (Miles 
& Huberman, 1994), focusing on the topics the reviewed studies addressed. We analyzed 
the studies that concerned our research interests, systematized according to the four main 
categories. First, concerning research question 1, we categorized the general characteris-
tics of the reviewed studies and the research methodologies they had used based on ten 
sub-categories (e.g., publication year, document type, geographic distribution, research 
methods, sample/participants, participants’ level of education, sample size, participants’ 
previous experience in modelling, task types and modelling activities, and data collection 
methods). Second, with a special focus on research question 2, we analyzed the theoreti-
cal frameworks for modelling competencies that motivated the studies. Regarding research 
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questions 3 and 4, we identified the measurement and fostering strategies developed, used, 
or suggested in the reviewed studies.

The main parts of the coding manual can be found in the Appendix, displayed in the 
electronic supplementary material (Tables  9, 10, 11, and 12) with a sample coding in 
Table 12. Our initial coding was conducted by the first author, and multiple strategies were 
then used to check the coding reliability using Miles and Huberman’s (1994, p.64) formula: 
“reliability = number of agreements / (total number of agreements + disagreements).” 
First, we applied a code-recode strategy, which involved recoding all the studies after an 
interval of four weeks, and the consistency rate between the two distinct coding sessions 
was computed as 0.97. Second, to test coding reliability, 20% of the reviewed papers were 
randomly selected and cross-checked for coherence by a coder other than the authors, who 
had previous experience in mathematical modelling research area and qualitative data anal-
ysis. The intercoder reliability was found to be 0.93. Third, the first two authors separately 
coded the theoretical frameworks of all the included studies because these frameworks 
for modelling competencies were more complex to code than the other categories due to 
more interpretative elements. After double coding all the data concerning the theoretical 
frameworks underpinning the studies, the intercoder reliability rate was 0.91. After apply-
ing these strategies, all coders discussed the coding schedule, with a particular focus on the 
discrepancies between different codes, to achieve full consensus. All the computed reliabil-
ity rates illustrated that the coding system was sufficiently reliable (Creswell, 2013).

3 � Results of the systematic literature review on mathematical 
modelling competencies

3.1 � Study characteristics and research methodologies of the papers (research 
question 1)

3.1.1 � Types of documents and publication years

The 75 papers included in our study consisted of 67 empirical studies, 4 theoretical studies, 
3 survey or overview studies, and 1 document analysis study with the following distribu-
tion of papers: 31 journal articles, 42 conference proceedings, and 2 book chapters. Eligible 
papers were published in 21 different scientific journals, including 10 mathematics educa-
tion journals, 5 educational journals, and 4 interdisciplinary scientific journals focusing on 
science, technology, engineering, and mathematics (STEM) education. The reviewed arti-
cles published in mathematics education journals constituted only 7% of all the reviewed 
studies. Concerning conference proceedings, the majority of the eligible papers came from 
ICTMA proceedings (n = 31), with only a few studies from other mathematics education 
conferences (mainly ICME, Psychology in Mathematics Education [PME], and Congress 
of the European Society for Research in Mathematics Education [CERME]). Concerning 
publication years, the reviewed studies appeared between 2003 and 2021, and an increase 
was observed in studies on modelling competencies in 2020 (see Fig. 2). The visualiza-
tion in Fig.  2 does not show steady progress over time, especially regarding the impact 
of the biennial ICTMA conferences and their subsequently published proceedings. We 
called papers stemming from the books from the ICTMA conference series as conference 
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proceedings, although the books have not been named like that in the past decade due to 
their selectivity and rigorous peer-review process carried out.

3.1.2 � Geographic distribution

The results concerning geographic distribution revealed the contributions of researchers 
from different countries to research on mathematical modelling competencies. An analysis 
conducted separately based on all authors’ affiliations and first authors’ affiliations found 
few important differences; thus, only the results based on all authors’ country affiliations 
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Fig. 2   Numbers of annual studies on mathematical modelling competencies

Table 4   Authors’ countries of 
affiliation

Continent Country n %

Europe Germany 65 44
Denmark 9 6
Norway 4 3
Turkey 4 3
Sweden 3 2
Slovakia 1 1

Asia Malaysia 11 7
Israel 10 7
Vietnam 4 3
Indonesia 4 3
China 2 1
Taiwan 2 1
Japan 1 1

Africa South Africa 18 12
North America USA 6 4
South America Mexico 2 1

Chile 2 1
Australia Australia 1 1
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are tabulated. When reviewing the studies, geographical origins were critical, as the classi-
fication criteria reflected the research culture of the countries to a certain extent; for exam-
ple, the competence construct is especially prominent in Europe, whereas in other parts of 
the world, other constructs, such as proficiency, are more common. We therefore found as 
expected that most authors came from Europe, followed by Asia, Africa, and America, and 
only one came from Australia. In particular, the authors came from 18 different countries, 
with Germany being the most prominent. Table 4 indicates the distribution of the authors 
by country and continent.

3.1.3 � Research designs and data collection methods

The analysis revealed that roughly one-third of the reviewed studies (32%, n = 24) used 
quantitative research methods (e.g., experimental, quasi-experimental, comparative, cor-
relational research, survey, and relational survey models), followed by qualitative research 
methods (e.g., case study and grounded theory; 27%, n = 20) and design-based research 
methods (5%, n = 4). Only one study used both qualitative and quantitative research meth-
ods, and another study relied on document analysis. A few theoretical studies (5%, n = 4) 
and overview/survey studies (4%, n = 3) were counted among the remainder. For 18 eligi-
ble studies (24%), it was not possible to identify the research method used.

Various data collection methods were used in the reviewed studies, with (non-stand-
ardized) test instruments being the most frequently used method (see Fig. 3). The major-
ity of the studies (44 of 75 studies, 59%) used more than one data collection method, 
whereas 23 studies (31%) used only one method. Seven papers reporting theoretical and 
overview/survey studies were not applicable to this category. We took into account that 
data collection might not be restricted to the evaluation of modelling competencies, but 
could include in addition other constructs, such as beliefs or attitudes.
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3.1.4 � Focus samples, sample sizes, and study participants’ levels of education

In this review study, we analyzed the sample characteristics of the reviewed studies. When 
we categorized the participants of the studies, we took into consideration the authors’ 
reports concerning the educational level of the participants. There is no clear international 
distinction between elementary and lower secondary education with elementary education 
covering year 1 to 4 or 1 to 6, which has to be taken into account.

The analysis showed that the majority of the reviewed studies (45%, n = 34) recruited 
secondary school students (grades 6–12), and 20% (n = 15) used samples of preservice 
(mathematics) teachers. Moreover, 12 studies (16%) focused on university students, includ-
ing engineering students (n = 8), mathematics and natural science students (n = 1), and 
students from an interdisciplinary program (n = 1), an introductory and interdisciplinary 
study program in science (n = 1), and STEM education (n = 1). Additionally, three stud-
ies (4%) used mixed samples of students, preservice teachers, and experienced teachers as 
their participants. Only two studies (3%) dealt with elementary school students (one group 
focusing  on first graders and the other on  fifth graders). One study did not mention the 
sample. The remaining eight studies (11%) were not applicable to this category, as they 
did not report on an empirical study or were of a theoretical nature. Figure 4 illustrates the 
distribution of the reviewed studies’ participants.

Table 5 shows the analysis of the sample sizes of the studies. The majority of the 
studies (32%, n = 24) recruited 0-50 participants, and overall, 51% (n = 38) had less 
than 200 participants. Additionally, 14 studies (19%) conducted research with 201-500 
participants, and 3 large-scale studies (4%) had more than 1,000 participants. We also 
analyzed the sample sizes of the studies based on the participants’ levels of educa-
tion, and we used two categories (school/university students and preservice teachers). 
The results for these two categories did not differ substantially from each other; the 
most striking difference seemed to be in the range of 201-500 participants who were 
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Fig. 4   Participants in the reviewed studies
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school students. The table illustrates the difficulties in higher education in collecting 
data from larger samples.

3.1.5 � Participants’ previous modelling experience and modelling task types

Since participants’ previous modelling experience was mentioned as an 
important factor for success by several studies, we analyzed this information 
given in the papers. Our results showed that in 25% (n  = 19) of the studies, 
participants had very limited or no experience in modelling (i.e., they had 
participated in only one or two modelling activities by the time of the study). 
Furthermore, two studies reported that their participants had previous model-
ling experience (e.g., experience gained by attending modelling courses and 
seminars) before the research interventions. One study mentioned that the 
participants were heterogeneous in terms of their experience in modelling. 
Besides these results, we found that the majority of the reviewed studies 
(65%, n = 45) did not provide any information regarding participants’ previ-
ous experience in modelling.

In our review, we also evaluated how modelling activities were carried out dur-
ing the research interventions and which types of tasks were used by the studies. 
The results revealed that modelling activities were predominantly performed in 
group work (37%, n = 28), 5 studies (7%) reported that they guided participants 
in individual/independent modelling activities, and the other 6 studies (8%) stated 
that they used both individual and group work. However, numerous reviewed stud-
ies (39%, n = 29) did not state how they performed modelling activities.

The types of modelling tasks used in the studies were not clearly described in 
the majority of the reviewed studies (59%, n = 44). We did not use a predefined 
classification, but used the classification given by the authors as in many papers 
no detailed information about the task was provided. This  did not allow to use 
a predefined classification scheme, although we admit the advantages of prede-
fined classifications. In this sense, we found that 11 studies (15%) applied more 
than 1 task type in the research; however, 18 reviewed studies (24%) employed a 

Table 5   Sample sizes of the 
studies

Sample size School students 
(age 5–18)

University 
students and 
(preservice) 
teachers

Total

n % n % n %

0-50 14 19 11 15 24 32
51-100 2 3 6 8 8 11
101-200 2 3 4 5 6 8
201-500 11 15 3 4 14 19
501-1000 6 8 3 4 9 12
> 1000 2 3 0 0 3 4
Not mentioned 1 1 2 3 3 4
Not applicable 8 11
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single type of modelling task. The results on type of tasks used by the reviewed 
studies are displayed in Table 6.

Connected to the low information to the task type is the missing information about the 
context of the modelling examples (e.g., closeness to students’ world, workplace, citizen-
ship, etc.) in many papers, which did not allow us to analyze this important category.

3.2 � Results concerning the theoretical frameworks for modelling competencies 
(research question 2)

In our review, we classified the theoretical frameworks of the studies for mathemati-
cal modelling competencies into six categories. The main approaches used were as 

Table 6   Type of modelling tasks Type of task n %

Open-ended modelling task 9 12
Realistic modelling task 7 9
Complex modelling task 6 8
Model-eliciting task 5 7
Authentic modelling task 4 5
Multiple-choice modelling task 4 5
Mathematical application/applied modelling task 2 3
Intra-mathematical modelling task 2 3
Others (n = 1 for each)
    • Non-routine modelling task
    • Contextual modelling task
    • Medium sized modelling task
    • Decision-making modelling task
    • Modelling task from statics
    • Computational modelling task
    • Dressed-up modelling task
    • Contextual modelling task
    • Mathematical reading task

9 12

Not mentioned 44 59

Fig. 5   Theoretical frameworks of the studies on modelling competencies
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described in the theoretical part of this paper, and the results are displayed in Fig. 5. 
The most prevalent theoretical framework was the bottom-up approach; other dif-
ferent theoretical frameworks comprised model-eliciting activities and principles 
as assessment tools for modelling competencies (Lesh et  al., 2000), level-oriented 
descriptions of modelling competencies (Henning & Keune, 2007), or the frame-
work for success in modelling (Stillman et al., 2007). Overall, the results indicated a 
scarcity of theoretical frameworks underpinning studies that investigated modelling 
competencies.

3.3 � Results concerning the measurement of modelling competencies (research 
question 3)

Our results revealed that a number of methods were used to measure modelling competen-
cies. The most prevalent approaches used (mainly non-standardized) test instruments (55%, n 
= 41), written reports, and audio/video and screen recordings (24%, n = 18). The least-used 
methods were multidimensional item response theory (IRT) approaches (n = 1) and field notes 
(n = 1). Table 7 illustrates the methods described by the researchers for measuring modelling 
competencies.

The reviewed studies applied 16 different approaches to measure mathematical model-
ling competencies: 33% (n = 25) of the studies used one method, 27% (n = 20) applied 
two methods, 17% (n = 13) used three methods, 7% (n = 5) followed four methods, 4% (n 
= 3) applied 5 methods, and 1 study used 6 different measurement methods for modelling 

Table 7   Methods for measuring 
modelling competencies

Methods n %

(Mainly non-standardized) test instruments 41 55
Audio/video and screen recordings 18 24
Written reports/documents (project reports, retrospec-

tive reports, written task formulations)
18 24

Questionnaires 17 23
Interviews 15 20
Observations 11 15
Worksheets 7 9
Oral examinations/presentations 5 7
Concept maps 2 3
Assignments/homework 2 3
Student diaries 2 3
Analytical rubrics 2 3
Posters 2 3
Written exams 2 3
Field notes 1 1
Multidimensional IRT approach 1 1
Not mentioned 1 1
Not applicable 7 9
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competencies. For one of the reviewed studies, the modelling competency measurement 
method was not specified.

3.4 � Results concerning the fostering of modelling competencies (research question 
4)

The analysis revealed that the majority of the reviewed studies (79%, n = 59) con-
tributed to the discourse on fostering modelling competencies by designing, devel-
oping, testing, or discussing various activities, including recommendations for the 
improvement of these activities. The remaining 16 studies (21%) did not mention 
results about fostering modelling competencies. The activities suggested in the 
reviewed studies for fostering modelling competencies could be divided into eight 
groups (see Table 8).

In detail, about half of the studies (48%, n = 36) designed and/or used training 
strategies (e.g., modelling courses/seminars, teaching units, professional develop-
ment programs, and modelling projects) to foster students’ modelling competen-
cies. Most researchers conducted studies as part of ongoing teaching activities (in 
schools or universities) or modelling-oriented projects, or they designed specific 
teaching units aimed at fostering students’ modelling competencies. Concern-
ing modelling tasks, roughly one-third of the studies (31%, n = 23) found that 
the development of modelling tasks supported students’ modelling competen-
cies. About 9% (n = 7) of the reviewed studies reported that psychological factors 
(e.g., motivation, self-efficacy, attitudes, and beliefs) can affect students’ model-
ling competencies. The analysis revealed that studies found positive correlations 
between students’ modelling competencies and their levels of self-efficacy and 
motivation as well as their attitudes and beliefs towards modelling. Moreover, 6 
eligible studies (8%) reported that metacognitive factors influenced the modelling 
competencies of the study participants. A few studies (5%, n = 4) focused on the 
effects of digital technologies/tools on modelling competencies. The results indi-
cated that using digital devices, such as programmable calculators, special math-
ematical software (e.g., MATLAB), and dynamic geometry software (e.g., GeoGe-
bra), fostered students’ modelling competencies. Three other eligible studies (4%) 
discussed the efficiency of the holistic and atomistic approaches to supporting 
modelling competencies, which we report in detail due to their relevance to the 
theoretical discourse: The empirical results of these studies illustrated that both 
approaches foster students’ modelling competencies, although both approaches 
have weaknesses and strengths. Kaiser and Brand (2015) found in their comparison 
of both approaches that the holistic approach had larger effects in interpreting and 
validating, the atomistic approach had larger effects on working mathematically, 
and there were mixed results on mathematizing and simplifying. Furthermore, the 
holistic approach seemed to be more effective than the atomistic approach for stu-
dents who have relatively weak performance in mathematics (Brand, 2014). To 
summarize, from a developmental perspective, Blomhøj and Jensen (2003) high-
lighted the importance of a balance between holistic and atomistic approach to fos-
ter students’ modelling competencies.

Seven eligible studies (9%) provided other fostering strategies to develop students’ mod-
elling competencies, as reported in Table 7.
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Overall, the results of the literature review confirmed the richness of the 
implementation strategies for modelling competencies and emphasized the 

Table 8   Activities contributing to the fostering of modelling competencies

Activities n %

Designing or conducting instructional strategies
  • Developing and conducting teaching units/modules and solution plans
  • Teaching in operative-strategic settings
  • Developing an independence-oriented teaching design
  • Using PISA-type problems in teaching
  • Designing a professional development program to improve modelling knowledge and practice
  • Focusing on problem-oriented, student-guided project work in interdisciplinary studies
  • Effectively using curriculum materials
  • Learning with heuristic worked-out examples
  • Constructing an adequate situation model
  • Participating in reading strategy training, such as cognitive, mathematics-specific reading 

comprehension strategies
  • Offering long-term training in modelling
  • Delivering a workshop on modelling

36 48

Exposure to a modelling task (sequence) and gaining experience in modelling
• Developing and using broad variations of modelling tasks
• Regularly challenging students with modelling tasks
• Discussing mathematizing multiple-choice tasks and working in groups
• Formulating and orchestrating written tasks
• Using algebraic models in modelling tasks
• Applying strategic interventions in the form of activities involving mathematical modelling tasks
• Integrating modelling tasks into day-to-day mathematics teaching.

23 31

Focus on psychological factors
• Fostering positive attitudes toward working with modelling tasks in mathematics
• Promoting affective factors, such as motivation
• Supporting positive (teachers’ or students’) beliefs about learning and modelling
• Increasing students’ self-efficacy

7 9

Focus on metacognitive factors
• Developing metacognitive awareness
• Supporting metacognitive competencies
• Providing metacognitive prompt questions
• Supporting metacognitive behaviors

6 8

Use of digital tools/technologies
• Analyzing models with MATLAB software, numerically and analytically
• Using technological devices, such as programmable calculators, specialized software, and online 

resources
• Using dynamic geometry software (e.g., GeoGebra)

4 5

Theoretical considerations
• Maintaining a balance between the holistic and analytic/atomistic approach

3 4

Others
• Modifying and extending the construct of the modelling cycle
• Using a transitional framework
• Identifying the cruxes of modelling competencies
• Developing students’ language skills
• Supporting proficiency in statistical literacy
• Improving students’ and teachers’ basic mathematical skills and capacities
• Improving debate competencies

7 9

Not mentioned 16 21
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focus of the current discourse on implementing (or at least suggesting) teaching 
strategies.

4 � Discussion and limitations of the study and further prospects

This review study systematically investigated the current state of research on mathematical 
modelling competencies through analyzing 75 included papers. Our major focus concerned 
basic study characteristics, the conceptualization of modelling competencies, and theoreti-
cal frameworks and strategies for measuring and fostering modelling competencies.

4.1 � Discussion of the results and limitations of the study

Concerning our first research question, our results indicated that the number of reported 
studies on modelling competencies relatively reached a satisfactory level, with a substantial 
increase in 2020, but there is still a need for further studies on this topic. Moreover, the 
vast majority of the reviewed studies were empirical studies, with only a few theoretical or 
survey studies, and Kaiser and Brand’s (2015) literature review on modelling competen-
cies, which differed in nature from this one, remains the only other one to date. Conference 
proceedings, especially ICTMA proceedings, constituted an important proportion of the 
reviewed studies, followed by journal articles. Notably, the articles published in mathemat-
ics education journals accounted for only 7% of the reviewed papers. These results indi-
cate that specialized international mathematics education conferences have a major impact 
on modelling competence research. Moreover, many articles in high-ranking journals have 
been written by psychologists rather than mathematics educators, confirming the well-
known impression of the low visibility of research on mathematical modelling competen-
cies in mathematics education.

Most authors from reviewed studies came from Europe, particularly Germany; several 
authors stemmed from Africa and Asia; a very limited number of authors came from North 
and South America; and only one from Australia. On the one hand, we need to consider the 
cultural contexts of studies that investigate modelling competencies, and from this point of 
view, there are plenty of opportunities for future intercultural research on modelling com-
petencies. On the other hand, these results might be influenced by the fact that the compe-
tence discussion has been strongly guided by European, especially German, scholars, and 
that in other discourses, other terminology (e.g., performance, proficiency, skill, and abil-
ity) may be used. Further studies should focus on how modelling competencies are con-
ceptualized and identified and consider the terms used for modelling competencies, thus 
enabling studies to identify the differences or similarities between different approaches to 
modelling competencies across different countries or cultures. Our review study illustrates 
that the ICTMA conferences have an influence on the distribution of the papers in terms 
of country affiliations of the authors. For example, ICTMA18 conducted in Cape Town 
(South Africa) had a great influence on the number of reviewed papers from South Africa; 
however, there is no similar effect for South American papers following the ICTMA16 con-
ference held in Blumenau (Brazil), probably reflecting other theoretical perspectives such 
as socio-cultural approaches, in which modelling competencies play a less pronounced role 
(Kaiser & Sriraman, 2006). Furthermore, institutional restrictions may play an important 
role concerning the differences in country distribution of these studies.
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Our results revealed that approximately one-third of the reviewed studies relied on 
quantitative research methods, followed by qualitative and design-based research methods. 
No researcher had named their study approach as mixed-methods research, but only one 
author reported that both quantitative and qualitative research methods were used. Overall, 
it is promising that the reviewed studies used a wide variety of data collection methods and 
more than half of them applied more than one data collection approach, which supports 
the development of a reliable database (Cevikbas & Kaiser, 2021). Moreover, a significant 
number of the studies focused on secondary school students as participants, followed by 
preservice teachers and university students from engineering, STEM, and interdisciplinary 
study programs. However, only two studies recruited elementary school students as partici-
pants. In line with these results, the majority of the studies were conducted in secondary 
education, followed by higher education, but no studies investigated early childhood educa-
tion or adult education. These results showed that research is needed on modelling com-
petencies in these areas (i.e., early childhood education, elementary education, and adult 
education).

Notably, interpreting study results regarding students’ modelling competencies crucially 
depends on knowing the participants’ previous modelling experience, but the majority of 
the studies provided no information about their participants’ experience in modelling. Addi-
tionally, a quarter of the studies reported that their participants had either extremely limited 
or no experience in modelling, and only two studies stated that their participants had sub-
stantial previous experience in mathematical modelling. These results imply that teachers 
and teacher educators should put great effort into developing students’ modelling experience 
during their school and university education. Overall, it seems advisable to share informa-
tion concerning the study participants’ previous experience in modelling to enable readers to 
make accurate inferences from the study results and compare the results of different studies.

Furthermore, our results indicated that many reviewed studies did not mention which 
type of task they had used. The analysis of the remaining studies showed that various types 
of modelling tasks had been implemented. As the core of modelling activities are the mod-
elling tasks or problems, it is crucial to know for the modelling discourse, which mod-
elling tasks are used in studies and what their characteristics are. Using diverse types of 
modelling tasks can allow researchers to investigate the strengths and weaknesses of these 
tasks for teaching and learning mathematical modelling and for the promotion of students’ 
modelling competencies. Using different types of tasks can provide rich opportunities in 
the learning and teaching of modelling. Further studies should investigate which types of 
tasks are most effective for developing students’ modelling competencies and should make 
recommendations for teachers or teacher educators.

Concerning the theoretical frameworks, the results indicated that the predominant 
framework used by the studies was the bottom-up approach and only a few studies adopted 
top-down or top-down enriched approaches or other frameworks. Therefore, there is a great 
need to investigate modelling competencies using a variety of theoretical frameworks and 
to extend existing frameworks by using innovative approaches. The lack of diversity within 
the frameworks used directly relates to the conceptualization of modelling competencies; 
therefore, more theoretical research focusing on the conceptualization of modelling compe-
tencies is needed.

The strategies of the reviewed studies for measuring modelling competencies were 
aligned with their research methods; hence, the results showed that modelling competen-
cies tended to be measured using (mainly non-standardized) test instruments and question-
naires. It is promising that the reviewed studies used various approaches to measure model-
ling competencies; however, we could not identify any study investigating which method 



227A systematic literature review of the current discussion on…

1 3

or strategy was most effective for measuring the modelling competencies of students (e.g., 
focusing on the strengths and weaknesses of different measurement approaches and com-
paring the capabilities of these approaches to measure students’ modelling competen-
cies). Future studies should focus on producing new tools or strategies to extend existing 
approaches to measuring students’ modelling competencies by, for example, using digital 
technologies to measure students’ modelling competencies according to these technolo-
gies’ pedagogical potential.

Although the studies reported that students’ or preservice teachers’ mathematical model-
ling competencies were still far from reaching an expert level, their modelling competencies 
could be fostered by the various strategies mentioned above (see Results 3.4). In this vein, 
the reviewed studies contributed to the discourse on fostering modelling competencies by 
designing, developing, testing, or recommending specific modelling activities. To foster stu-
dents’ modelling competencies, most of the reviewed studies used instructional strategies 
that focused on practice in modelling and gaining experience through modelling tasks.

Moreover, several studies found that motivation, self-efficacy, beliefs, and attitudes 
regarding modelling, and metacognitive competencies, could affect students’ modelling 
competencies. A few of the studies recommended maintaining a balance between holis-
tic and analytic approaches in the teaching and learning of modelling. Furthermore, few 
studies have analyzed the use of digital technologies/tools to promote students’ modelling 
competencies. Accordingly, using mathematical software (e.g., MATLAB and GeoGebra) 
for modelling has been identified as an effective strategy for fostering modelling competen-
cies, but only a limited number of studies have focused on how and what types of technolo-
gies could be used to improve students’ modelling competencies.

In summary, we emphasize that the main foci of this systematic review (i.e., the concep-
tualization of modelling competencies and the related theoretical frameworks for measur-
ing and fostering modelling competencies) are closely interrelated. Fostering and meas-
uring strategies for modelling competency depend on its conceptualization. To this end, 
theoretical and empirical studies could contribute strongly to both the epistemology of 
modelling and its application and are greatly needed.

The results of our systematic literature review are limited by several restrictions. The 
first significant limitation relates to the restrictions of the databases: The exclusion of 
papers published in books and journals not included in WoS, Scopus, and the other high-
ranking databases led to the exclusion of local/national journals that may have had the 
potential to provide interesting research studies. Furthermore, the exclusion of papers not 
written in English excluded many potentially interesting papers, especially those from the 
Spanish/Portuguese-speaking countries. Further research should try to overcome this limi-
tation by including native speakers from this language area.

Other restrictions related to the automated selection process (i.e., the so-called jingle-
jangle fallacy; Gonzalez et al., 2021). In our systematic literature review, we used the terms 
modelling and competence; however, we identified studies that used modelling compe-
tence differently, particularly regarding the use of modelling competencies in psychomet-
ric or educational modelling (large-scale studies) or in economics or engineering. Manual 
screening could help overcome this problem; however, we could not prevent the omission 
of papers that examined modelling competencies but used different terms, such as mod-
elling performance or modelling proficiency. We therefore might have missed an impor-
tant number of studies that employed other terminology. This is a systemic problem of 
our approach. Further studies should use a broader theoretical framework to identify and 
examine these other types of studies.
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4.2 � Contributions of this special issue to the discourse on modelling competencies

With this present special issue, which the current systematic literature review introduces, 
we aim to present advances in the research on mathematical modelling competencies. A 
broad body of past research has investigated modelling processes and students’ barriers 
to solving modelling problems. Descriptive analyses of students’ solution processes have 
identified the importance of specific sub-processes and related sub-competencies, such as 
comprehension, structuring, simplifying, mathematizing, interpretation of mathematical 
results, and validation of mathematical results and mathematical models for mathemati-
cal modelling. However, only a limited amount of research has investigated the effects of 
short- and long-term interventions on the implementation of mathematical modelling in 
schools and higher education institutes using rigorous methodological standards. These 
observations are consistent with the systematic review presented in the previous section, 
which identified only a limited number of studies contributing to these research aims. In 
line with these considerations, we argue that much more research effort should be devoted 
to evaluating measurement instruments and approaches to fostering mathematical model-
ling in schools and universities (Schukajlow et al., 2018). The papers in this special issue 
contribute to closing these significant gaps by addressing (1) the measurement and (2) the 
fostering of modelling competencies as well as (3) comparing groups of participants with 
different expertise or participants from different cultures.

The first group of papers presented assessment instruments for measuring modelling 
competencies. Based on their conceptualization of modelling competencies, Brady and 
Jung developed an assessment instrument for analyzing classroom modelling cultures. 
Their quantitative analysis of the modelling activities of secondary school students dem-
onstrated differences between classroom cultures and revealed shifts in cultures within a 
classroom, and their qualitative analysis of students’ discourse during presentations of their 
solutions in classrooms offered an explanation for the phenomenon identified by the quan-
titative analysis. Brady and Jung interpreted these results as indicative of the validity of the 
measurement instrument. The new contribution of this study laid in pointing out the impor-
tance of using this new assessment instrument to analyze classroom modelling cultures in 
future studies.

Noticing competencies during mathematical modelling is considered important for 
research on modelling and on teachers’ situation-specific competencies. Alwast and 
Vorhölter answered the call to be more specific in the assessment of teachers’ competen-
cies and focused on situation-specific modelling competencies in their study. Alwast and 
Vorhölter developed staged videos and used these videos as prompts for the assessment of 
preservice teachers’ noticing competencies in mathematical modelling. They performed a 
series of studies that aimed to collect evidence of the validity of the new instrument. This 
instrument could be used in the future to analyze the development of preservice teachers’ 
noticing skills and to examine the relationship between teachers’ noticing and their deci-
sions and interventions in classrooms.

Students’ creativity, as a research field with a long tradition, has rarely been analyzed 
in relation to mathematical modelling competencies in the past. Lu and Kaiser identified 
the importance of creativity for the assessment of modelling competencies and evalu-
ated students’ creative solutions to modelling problems by analyzing three central dimen-
sions of mathematical creativity: usefulness, fluency, and originality. Their analysis of 
upper secondary school students’ responses indicated a close association between flu-
ency and originality, which has important theoretical implications for the assessment of 
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modelling competencies and the relationship between factors that contribute to mathemati-
cal creativity.

The second group of papers examined various approaches to fostering modelling sub-
competencies. Geiger, Galbraith, and Niss developed a task design and implementation 
framework for mathematical modelling tasks aimed at supporting the instructional model-
ling competence of in-service teachers. The core of this approach was researcher-teacher 
collaboration over a long period. The results of this study have theoretical implications for 
implementation research by connecting the task design and task implementation streams of 
research in a joint model. Furthermore, this research extended the concept of pedagogical 
competence from numeracy to mathematical modelling competence.

Reading comprehension is an essential part of modelling processes, and improving 
reading comprehension can help to foster modelling competencies. Krawitz, Chang, Yang, 
and Schukajlow analyzed the effects of reading comprehension prompts on competence to 
construct a real-world model of the situation and interest of secondary school students in 
Germany and Taiwan. Reading comprehension prompts did not affect modelling, but they 
did affect interest. In-depth analysis of students’ responses indicated a positive relation-
ship between reading comprehension and modelling. Krawitz et al. suggested that the high-
quality responses to reading prompts are essential for modelling and should be given more 
attention in research and practice.

Teaching methods and their impact on the modelling competencies and attitudes of 
engineering students were the focus of the contribution by Durandt, Blum, and Lindl. 
The researchers analyzed the effects of independence-oriented and teacher-guided teach-
ing styles in South Africa. The group of students taught according to the independence-
oriented teaching style had the strongest competency growth and reported more positive 
attitudes after the treatment. Students’ independent work supported by adaptive teacher 
interventions and by a metacognitive scaffold, which encourage individual solutions, is a 
promising approach that should be analyzed in future studies and evaluated in teaching 
practice for mathematical modelling competencies.

Greefrath, Siller, Klock, and Wess investigated the effects of two teaching interventions 
on preservice secondary teachers’ pedagogical content knowledge for teaching mathemat-
ical modelling. Preservice teachers in one group designed modelling tasks for use with 
students, and those in another group were trained to support mathematical modelling pro-
cesses. Both groups improved some facets of pedagogical content knowledge compared to 
a third group that received no modelling intervention. As one practical implication of the 
study, Greefrath et al. underlined the importance of practical sessions for improving preser-
vice teachers’ pedagogical content knowledge of modelling.

The third group of papers included two contributions to comparative studies and a com-
mentary. Preservice teachers’ professional modelling competencies are essential for the 
teaching of modelling. Yang, Schwarz, and Leung compared this construct in Germany, 
Mainland China, and Hong Kong. The results indicated that preservice teachers in Ger-
many had higher levels of mathematical content knowledge and mathematical pedagogical 
knowledge of modelling. Yang et al. suggested that possible reasons for these results might 
lie in the history of mathematical modelling in mathematics curricula, teacher education, 
and the teaching cultures in these three regions. Future research should pay more attention 
to international comparative studies regarding modelling competencies.

Cai, LaRochelle, Hwang, and Kaiser compared expert and novice (preservice) second-
ary teachers’ competencies in noticing students’ thinking about modelling. The expert 
teachers noticed the students’ needed to make assumptions to complete the task more often 
than the novice teachers did. The researchers identified many important characteristics of 
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the differences between experts and novices. Future research should analyze the devel-
opment of preservice teachers’ and experts teachers’ competencies for noticing students’ 
thinking about modelling and identify what components of noticing affect the teaching of 
mathematical modelling competencies.

Finally, Frejd and Vos analyzed the contributions of the papers in this special issue and 
reflected on further developments in a commentary paper.

Summarizing the contributions of the systematic literature survey and the papers in this 
special issue, we recognize––despite certain limitations––many insights offered by the spe-
cial issue that can enhance the current discourse on mathematical modelling competencies. 
The papers point to a great need for further theoretical work on the conceptualization of 
modelling competencies, although most papers have adopted a clear theoretical framework 
in their study. The low number of theoretical papers in this area strongly confirms the need 
for approaches that have the potential to further develop the current theoretical frameworks, 
especially taking socio-cultural and socio-critical aspects into account (Maass et al., 2019). 
Furthermore, the development of more standardized test instruments should be encour-
aged, and an exchange of these instruments within the modelling community (similar to 
the tests developed by Haines et al., 1993) is desirable. In addition, the inclusion of quali-
tatively oriented, in-depth studies within quantitative studies, leading to mixed-methods 
designs, seems to be highly desirable. Concerning teachers’ professional competencies, it 
seems essential to use more recent approaches to competence development, such as devel-
oping situation-specific noticing skills of preservice teachers, which should be included in 
further studies. Scaling-up of established learning environments within implementations 
under controlled conditions (e.g., by laboratory studies) seems to be highly necessary in 
order to strengthen the link to psychological research in this area. Despite the high meth-
odological standards in the studies examined in the systematic literature survey and in this 
special issue, more studies with rigorous methodological standards that rely on the theory 
of modelling competencies seem to be necessary. One theoretical prediction is that knowl-
edge about modelling and the modelling cycle is a prerequisite for developing modelling 
competencies. In earlier research, students’ knowledge (e.g., their procedural and concep-
tual knowledge of modelling as addressed by Achmetli et al., 2019) was analyzed as a deci-
sive factor. Future research should assess the various facets of teachers’ modelling compe-
tence in relation to its overall construct and students’ modelling competence to contribute 
to the validation of theories of modelling competencies.
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