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THE ANATOMY OF BUYER-SELLER DYNAMICS
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Abstract

In this paper I investigate the nexus between buyer-seller dynamics, financial fric-
tions and market efficiency in decentralized markets. To do so, I introduce financial
frictions in a dynamic market with heterogeneous traders. Heterogeneously con-
strained buyers sequentially enter the market to acquire units of a generic good
from heterogeneously endowed sellers. I characterize two closely related classes of
equilibria, respectively called homogeneous equilibrium with no entry (HEWNE)
and homogeneous equilibrium with entry (HEWE). Both equilibria prescribe a mar-
ket where only the efficiently endowed type of seller exists in the limit. However,
the two equilibria diverge in the specification of agents’ behavior subsequent to
trade. In HEWNE, sellers and buyers exit the market upon successful trading. In
HEWE, like in supply chains, in every period certain types of buyers replace exit-
ing sellers, thus becoming potential sellers for subsequent waves of buyers. First,
I identify the critical role of frictions in steering the complex evolution of market
heterogeneity for both classes of equilibria. Secondly, I operationalize the combined
study of HEWNE and HEWE to obtain sharp predictions on market efficiency for
a range of empirically-relevant situations in which buyer-seller dynamics are decou-
pled, for example when entry of new sellers is delayed or stopped. Third, I test the

theoretical findings against a simulated artificial market.
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1 Introduction

In this paper I study a dynamic decentralized market in which a (possibly growing)
pool of heterogeneous sellers faces sequential wawves of financially constrained buyers.
Buyers bargain with available sellers to acquire units of a generic good. Buyers have
a heterogeneous demand schedule that depends on the individual budget constraint. I
show that the presence of a regulator controlling buyers’ financial constraints bears direct
implications on the long-run efficiency of the market. Specifically, I show the existence
of two classes of equilibria which may sustain the dynamic market formation along a
path in which an efficiently-endowed type of seller does emerge in the limit. I use these
two equilibria to inspect the market allocation efficiency for a range of realistic classes of

market dynamics in which buyer-seller dynamics are decoupled.

1.1 Background and Motivation

In decentralized markets®, an investor who wishes to sell must search for a buyer, incurring
opportunity or other costs until one is found. Often, traders must be approached sequen-
tially. Hence, when two counter-parties meet, their bilateral relationship is inherently
strategic. Prices are set through a bargaining process that reflects each investor’s alter-
natives to immediate trade (Duffie et al., 2005). These search-and-bargaining features
are empirically relevant in many markets, such as those for mortgage-backed securities
(Glaeser and Kallal, 1997), corporate bonds (John and Nachman, 1985), emerging market
debt (Arellano, 2008), bank loans (Diamond and Rajan, 2000) and derivatives? such as
contract default swaps (Riggs et al., 2020) to name some of the most prominent exam-
ples®. In real-estate markets, for example, prices are influenced by imperfect search, the
relative impatience of investors for liquidity, outside options for trade, and the role and
profitability of brokers (Duffie et al., 2005). Markets are dynamical, and as such, the
distribution of potential opportunities that traders face may evolve as markets unfold in
time, possibly as a function of traders’ own evolving expectations, heterogeneous tastes
(Manea, 2017) and financial availability. In particular, financial constraints and corporate
leverage critically shape the evolution of market structures around the world (see, for an
empirical analysis, Lucey and Zhang, 2011). Under the lenses of allocative efficiency, the
following question critically arises: how do financial frictions affect allocation efficiency

via market dynamics?

T thank one referee for the stimulating comments that led to the deep restructuring of Section 1.

2More in general, and even in very liquid markets, syndicates of buyers and sellers can form and
engage in sequences of block trades (see Burdett and O’hara, 1987 for an application).

30ther examples of OTC markets include corporate and municipal bonds, foreign exchange swaps, and
FED funds (Hugonnier et al., 2020). We refer the reader to Duffie (2011) for a an excellent methodological
introduction to asset pricing in decentralized markets with several applications.



To contextualize the problem, consider for example the functioning of cross-divisional
capital transfers in internal capital markets within conglomerates (see, for an example
of financial conglomerates, Campello, 2002). These are decentralized markets in which
complex flows of capital can take place across heterogeneous and financially-autonomous
production units (PUs) via pairwise transactions®. In such context, capital can flow from
established firms (i.e. the “sellers”) via multiple market operations to newly acquired
PUs (i.e. the “buyers”). The efficiency of internal capital markets in resource allocation
is a highly disputed issue (see Khanna and Yafeh, 2007 for a review) as efficiency interacts
with the degree of regulatory intervention on corporate leverage®, hence it is critical to
understand the theoretical link between centralized intervention, market dynamics and

efficiency.

1.2 Methodology

I address the above question by constructing and studying a model of a dynamic de-
centralized market. The model allows to pin down the relationship between financial
constraints, market dynamics and allocative efficiency. Formally, I embed the dynamic
market with frictions in the frictionless framework of an infinite horizon bargaining game
played in discrete time as introduced® by Manea (2017). The economy consists of a con-
tinuum of firms drawn from a finite set of types. Firms exogenously enter the market over
time and exit upon trading. In this model, the market formation is made of an initial
stage t = 0 and two intertwined processes taking place in each period t = 1,2, .... In the
initial stage ¢t = 0, every firm discovers her own endowment (potentially heterogeneous
across firms), and induces an individual demand for the good as a function of technical
conditions and the financial constraint. The first process takes place within each period
t =1,2,.... At the beginning of period ¢, a measure of buyers enters in the economy in or-
der to satiate the individual demand for the capital good. This process is the intra-period

purchase of units of capital: buyers purchase capital from the pool of sellers available

4See Giovannetti (2021) for a dynamic model of formation of internal capital markets in which firms
have the option to rely on bank loans, internal capital transfers or a mixture of both to carry out
production.

5For example, in the context of the Korean economy, characterized by a prevalence of conglomerates
of highly independent firms, Lee et al. (2009) isolate the link between the intensity of cross-subsidization
- the conglomerate’s debt-to-equity ratio - and its market efficiency. They show that the paralyzing effect
of liquidity regulations impacts the profitability of the whole conglomerate.

6Relevant elements of the framework of Manea (2017) as well as fundative results are described in
detail in Section 2 and in Appendix B. In his work, traders bargain over the price of a heterogeneous
good. The surplus that pairs of market participants can generate from trade may differ across traders.
The distribution of bargaining opportunities that market participants face may change over time. The
stock of potential trading partners and the amount of surplus available at any date depend on the inflows
of new players into the market and the outflows of players who complete transactions. Players need to
forecast the evolution of the macroeconomy, as determined by the endogenous volume of trade and
the relative matching probabilities induced by inflows and outflows, and negotiations should reflect the
anticipated market conditions.



in the market in period t. The distribution of available sellers determines the market
composition at t. Each buyer is randomly matched with a seller and parties bargain over
a single unit of the good. Importantly, the exchange incentive structure is determined by
the market composition at ¢. Once all buyers have satiated their own demand (provided
that there is a surviving positive measure of sellers in the market) the market moves one
step ahead to ¢+ 1. This bring us to the second process characterizing market formation,
that is the evolution of the market composition across periods. The market composition,
determined by the outcome of the realized exchanges, is the key dimension of this model,

linking intra-period and inter-period dynamics.

I study the model by means of two classes of equilibria that diverge in the specification of
the intertemporal dynamics. The first equilibrium, which I call Homogeneous Equilibrium
with no Entry (HEWNE) expands the canonical matching scenario, in which both the
seller and the buyer leave the market upon successful trade. In this work, buyers’ exit is
conditional on satisfaction of an individual demand for good, therefore buyers are allowed
to obtain multiple units of the good before leaving the market. The second equilibrium I
characterize is the Homogeneous Equilibrium With Entry (HEWE). In this equilibrium,
the subset of buyers that are endowed with at least the first-best investment level at the
end of period t settle in the economy as potential sellers for waves of buyers entering
at t + 1,t + 2, ..., thus replenishing the pool of sellers. In this equilibrium, the market
converges to an expansionary path where in the limit a uniform type of seller exists,
the first-best type seller’. I use these equilibria to explore the implications on market
efficiency of various types of buyer-seller dynamics. Last, I construct an artificial market

to validate in simulations the main theoretical results presented along the paper.

1.3 Contribution

My contribution is twofold. First, I contribute to the theoretical literature on search
and bargaining® by introducing financial frictions in the seminal framework of Manea
(2017). My paper expands his work by introducing heterogeneity along a dimension
which is crucial for the evolution of real markets: the limited purchasing power of buyers.
This is a systemic variable, a leverage parameter (uniform across traders) which may be
controlled by regulators. By characterizing a relationship between frictions and market
dynamics, I show that frictions can generate rich dynamics in the evolution of market
composition. Second, I use the model to answer the question introduced in Section 1.1.
More specifically, I assess allocation efficiency for several market protocols which are

consistent with empirical OTC markets characterized by heterogeneous traders.

7 As explained in Section 1.3, HEWNE and HEWE provide the tool to explore the allocative efficiency
of markets by means of existence (or lack thereof) of these equilibria.

8See Chade et al. (2017) as well as the Introduction of Duffie et al. (2005) and Manea (2017) for an
updated review of main results and contributions on search and bargaining literature.



I frame the efficiency problem in a decentralized market taking place between PUs with
heterogeneous endowments and uniform first-best investment. PUs sell units of capi-
tal to other PUs against the promise of future payment?. To study efficiency, I ask
whether the market can autonomously converge to a situation in which available sellers
produce on the efficient frontier, or, in other words, I look at the conditions that enable
a homogeneous type of seller to exist in the limit. I answer this crucial question by op-
erationalizing the two classes of equilibria introduced above, HEWNE and HEWE. With
respect to HEWNE, T show that the relationship between the market composition (i.e.
the distribution of available sellers) and financial constraint is nonunivocal. The capa-
bility for a market to reach an efficient redistribution of inputs - whereby sellers are on
the efficient production frontier - is subject to a tipping point which depends on the the
specific level of financial frictions in place and the initial heterogeneity of sellers. When
the allowed leverage is moderate, the exchange structure has a limited impact on sellers’
distribution. This implies that sellers heterogeneity does not disappear in the limit. On
the other hand, when the exchange structure is characterized by a high enough financial
leverage, a bifurcation takes place and two extreme cases can emerge depending on the
initial distribution: either the market will converge to an efficient equilibrium, where
available sellers are endowed with the first-best investment level, or it will converge to a
an equilibrium in which available sellers can be endowed with heterogeneous investment

levels.

Relatively to HEWE, I show that entry of new sellers in every period imposes stronger
conditions for the homogeneous type of seller to exist in the limit (i.e. the efficient
outcome), hence there exists an ordered relationship between HEWNE and HEWE. The
ordering is relevant from a normative point of view, as it allows to predict market evolution
for empirically-relevant situations where exit of buyers is decoupled from entrance of
sellers, possibly in non-trivial ways. I discuss allocative efficiency in the three following
scenarios. In the first scenario, entrance of new sellers is asynchronous with respect to exit
of buyers, as it can be the case, for example, of sellers requiring a certain number of periods
to produce an exchangeable good and set-up exchange. In the second scenario, new
sellers enter only for a limited number of periods, thus replicating a market undergoing
a permanent negative supply shock. In the third scenario, existence of the homogeneous
type of seller is discussed for a market that combines the above cases: delayed entry of
sellers is interrupted altogether after a certain number of periods. For the three cases, I
provided a taxonomy of bounds on financial constraint that allow the efficient outcome

to survive.

9For example by means of financing-oriented trade-credit agreements (see for example Shenoy and
Williams, 2017).



1.4 Literature Review

Some authors have recently integrated financial constraints in models of dynamic markets.
In particular, Moll (2014), Liu and Wang (2014) and Mino (2015) studied the evolution of
market economies in which firms are heterogeneous and financially constrained. Similarly
to Mino (2015), in this paper I consider an endogenous market process. However, the
setting draws on the granular non-stationary dynamic bargaining framework proposed by
Manea (2017), which I further characterize in order to study two complementary classes
of equilibria which lend sharp predictions on the asymptotic shape of the market. Other
contributions introduced frictions in frameworks similar to Manea (2017). Lauermann
and Noldeke (2015) have proven existence of a steady-state equilibrium for an economy
with search friction. While their main contribution is to show that a dynamic equilibrium
can be achieved with non-transferable utilities, steady states analysis is constrained by
the fact that the bargaining game is treated as a “black box” (Lauermann and Noldeke,
2015).

The rest of the paper is organized as follows. In Section 2 I define the primitives of
the dynamic market. In Section 3 I introduce two classes of equilibria which support
the market formation as the outcome of the bargaining game with financial frictions. In
Section 4 I explore market formation under three market structures in which buyer-seller
dynamics are decoupled. In Section 5 I simulate an artificial market to validate the
implications of the equilibria developed in the previous sections. Additional results and

proofs are contained in the Appendix.

2 The Model

Consider an economy with a finite set of firm types, such that each firm’s type corresponds
to the endowment of a generic capital good measured in units w € {0,1,2,...,w} = Q.
I refer to the amount of good available to firm 7 at time ¢ as w;;. I consider a market
with infinite horizon made of two stages: a pre-market stage, which I assume taking
place at t = 0, and the market formation phase, which takes place at t = 1,2, .... In the
pre-market phase, every firm ¢ discovers her initial type w; o and induces a (possibly zero)
individual demand for capital q,,, which I describe below. In period ¢ = 0, a measure of
sellers is available in the market. I represent the set of sellers by means of a profile of
population size { 5o €0,1] };J:O = u3, such that every entry 115 records the measure of

available sellers endowed with type w; at ¢ = 0. I further assume that > cq S, = 1.

In every period t > 0, a fixed unit measure of buyers enters in the market. Importantly,

buyers can have heterogeneous demand for the capital good. I represent the measure
@
1=

of buyers with a profile of population size {uf € [0, 1]} . = u® where every entry u?



is the measure of type w; buyers at time of entry. Each buyer ¢ is randomly and pair-
wise matched to available sellers. For simplicity, I also assume that types w in u? are
distributed according to a rectangular distribution'® such that P(w;o) = 1/@,Vi € Q. 1

now discuss in details all the elements of the model.

Buyer’s problem. Preferences u(w) and cost for possessing the good are homogeneous
across agents, with decreasing returns in the number of possessed units. I define w** € Q
such as the first-best endowment, or alternatively, the efficient type. The determination
of w*™ depends on exogenous parameters (such as a market price, production cost and
technology u(w)) which I assume uniform across firms. For example, w** can represent the
optimal amount of working capital in a competitive market. Trade is against a promise of
future payment''. For every buyer i endowed with initial type w; o a leverage coefficient

a > 0 regulates the buyer’s budget constraint such as
¢ < - wip,

where ¢; is the maximum amount of capital a buyer is allowed to collect from the market.
Given the unique first-best endowment w**, every buyer i endowed with w; units of

capital at time of entry induces the following individual demand ¢, = ¢, for the good
¢ = max {0, min {q,,, W™ —w;o}}.

Therefore, demand of the good for each type of buyer is completely pinned down by the
leverage o and the exogenous preferences encapsulated in w**. The demand segmentation

for this economy is given in the following

Definition 1 (Demand Segmentation). Let D* = {0,...,w** /(1 + «) — 1} be the set of
Fully Constrained Buyers, that is the set of buyer types for which the budget constraint
is binding. Let

{0} for a =0

{w*/(1+ ), ..., (W™ —1)} otherwise,

D**

be the set of Partially Constrained buyers, that is the set of buyers for which the budget
constraint is only partially binding. Let S = {w**,...,w} be the set of Pure Sellers, that
is the set of buyer types characterized by zero demand for the good (. I define D the
set D = D*UD*. Lastly, define w* such as the smallest type capable of attaining the

first-best endowment by using all the available leverage, u(w* + aw*) = u(w**).

Hence, the following proposition follows

19T can equivalently assume that in every period ¢ one new buyer i draws an endowment w; o from
distribution P and enters in the market.

HFor example, parties agree on a trade-credit contract in which the interest is computed on the retail
value of the final good, so that bargaining is on shares of final good value.



Qs U
w
a - W
0 -
w w
W —wl N

Figure 1: The market segmentation for a given o and w** < @.

Proposition 1. (i) For every w € €, the constraint o and the first-best type w**, the

continuous function q : 0 — ) maps each type in its own demand for capital such as

o w Yw € D*
o = § (W™ —w) Ywe D™. (1)
0 Ywe S

(17) The average demand for capital D(a,w™) is given by the quantity

D(a,w™)

= R— 2
l+a 2 w (2)

Example 1 (Demand Segmentation). Consider an economy with 2 = {0, 1, ..., 12}, lever-
age a = 2 and first-best investment w** = 6. It follows that u? = {1/ 12}120 and
D =1{0,1,2,3,4,5}. By computation of each individual demand schedule ¢, Yw € D I
obtain {Qw}?:() = [0,2,4,3,2,1]. Therefore, the average demand induced by p? is given
by D =Y12,q. = (12)/12 = 1. By using (2), I confirm D = (2/3) - (36/2) - (1/12) = 1.

Market Composition. In every period t > 0, the set of buyers and sellers is repre-
sented by a profile of population sizes respectively given by u? and p?. More precisely,
{uZB =1 /(D}il = pP, such that every entry u2 = 1/& contains the measure of buyers
entering with type w; at t, and {uit e [0, oo)};]:O = 7, in which 43, is the measure of
available sellers endowed with type w; at t. I refer to p; such as the market composition

at time t.

Information Structure. Producer types w € ), as well as p? and p? are publicly



observed.

Matching Technology. Within each period ¢ > 0, agents are randomly matched in
pairs'? and bargain upon one unit of capital ¢. Every producer encounters a trading
partner with probability p and has a probability equal to 1/2 to submit the offer. I
characterize the matching via a soft linear search (see for instance Gale, 1987) technology.
Hence, the probability for the buyer ¢ endowed with w;; = w when she enters the market

at ¢ to meet a seller j endowed with w;; = w’ at ¢ and submit an offer is given by

S
D
5 (Mi't) :

T, == .
w't S
23 peq Mgy

The (time-invariant) probability 72 (uZ) for a seller to find a type w buyer is similarly
defined. For simplicity, in the rest of the analysis I will assume p = 1/2. As in other mod-
els of search-and-bargaining (see, for example, Duffie et al., 2005), the random matching
technology is a metaphor consistent with a large variety of quote-driven markets such
as specialist-based equity and Contract for Differences (CFDs) markets (Brown et al.,
2010).

Now, define the space'® P of the buyers’ matching probabilities such as
P = {(n5)ueaizolms, € [0,1]Vw € Ot > 0} .

Surplus Function and Space of Payoffs. The payoff structure I adopt directly de-
scends from the assumption of decreasing returns to the utility of possessing the good
and does not depend on the identity of traders but on their type. For every ordered pair
(w,w'), where w = w;, is the type of a generic buyer i at ¢ and W’ = w,; is the type of

the seller j at ¢, the surplus function s, : 9% — R is the linear mapping
Sww = max{a - (W' —w), 0}, (3)

with a being a positive scalar. For every possible pair (w,w’), the surplus function orders
the possible matches in terms of the maximum gains of pairwise trades. Albeit simple,
the function can capture the fact that when the double-coincidence window is determined
by decreasing returns, the pairwise surplus is monotonically increasing (respectively, de-

creasing) in the type of the seller (respectively, buyer).

12 This is a one-to-one matching process where every player interacts only with a measure zero of
other traders. The matching process is measure preserving, that is for any measurable set of proposers
engaged in a match, the corresponding set of respondents is measurable and has the same measure. A
positive measure of players is left unmatched every period.

13As in Manea (2017), V and the other sets defined in this section can be regarded as topological
vector spaces via a natural embedding in the space RI®l endowed with product topology. Because the
product topology in RI®l is metrizable, the characterizations of closed sets and continuous functions in
terms of convergent sequences apply for the sets defined here.



B

wit
space of the payoffs V = VB + V5 where VP (respectively, V°) is the set of the seller
(respectively, buyer) types’ payoffs such that'*

For every pair of matched agents ¢ and j at ¢, define v, and vfjt as elements of the

V= {2 ensnlin € pomggon] i £ 9,120}
w

VB = {(Uft>w69,t2()|th € |:07 n//lg(}% Sww’:| 7vw € Qat Z O} .

Time Preferences. Traders discount time according to a homogeneous discount factor
Je0,1).

Agreements. Since agents of the same class and endowment have equal payoff, I will
identify each player i endowed with w; directly by means of her type w;. Hence, given a
matched pair of types (w,w’), with slight abuse of notation I define a as the fraction
of types w and w’ that reach an agreement in period ¢, with w’ > w being the seller. The
fraction of agreements may be 0, 1 or a value in [0, 1] depending on s, and each type’s

continuation value. Therefore, I construct the correspondence ay,,; such as

0 SvB + 6v3 > s
At = [07 1] 51]5 + 67}5, = S’ - (4)
1 SvB + 6v5 < S

Across periods, the space of path of agreement rates is defined as follows

A= {(Oé(ww/t) ol €20 | apurt € [0,1],Vw,w'" € Q,t > 0} .

Evolution of Market Composition. For every seller type w' € (), given an initial
measure [, of potential sellers of type w’ available in the market at period ¢t = 0, the

across-period transition from 12, to uf,(t +1), V> 01is dictated by

o) = @ (l‘f) : (5)

where I refer to ¢(-) as the transition protocol of the economy. The main contribution of
this paper is the analysis of the economy under specific transition protocols (Section 3

and 4). Across periods, the space of market composition is given by

M ={ (1) wearsoludy € 0,1],Yw € Q} .

Strategies. I study pure strategies. I restrict the analysis to pure strategies because the

40One can think of the set V° and VP as a function of the set of ask and bid, respectively.

10



intertemporal equilibrium will depend on the evolution of the market composition u?,
which in turn is determined by the rate of actual matches. Given a matched pair of type
(w,w’), the proponent submits to the receiver a division (s, —z, z) of the surplus. If the
offer is accepted, the receiver obtains (s, — h) and the proponent obtains h. Otherwise,
the receiver rejects the offer and the match dissolves. The intra-period game ends when
all the buyers collect ¢q,. In the intra-period bargaining game, matching probabilities
are determined on the basis of u® and p;. Therefore, buyers’ (respectively, sellers’)
reservation values will depend on the composition of the sellers (respectively, buyers)
available in the market at t. This formulation is consistent with the bargaining structure
of real-world quote-driven markets, where traders understand the time-evolving structure
of bid-ask spreads and may set the intensity of their search by comparing the offer they

receive from their current counter-part against the composite market structure®.

Solution Concept of the Intra-Period Game. Following Manea (2017), I restrict the
solutions of the game to Subgame Perfect Equilibria (SPE) which are robust in the sense
that no trader can affect the equilibrium path p? or u? by unilaterally deviating from
the prescribed strategy'® The intra-period game is solved by means of iterated deletion of
dominated strategies. In Appendix B I report results on equilibrium existence and char-
acterize the equilibrium payoff structure for the general class of intertemporal bargaining
games which this dynamic market belongs to. Given the above, I can define a dynamic

market with frictions such as

Definition 2 (Dynamic Market with Frictions). Given a leverage o > 0, a first-best type
w*™ € Q, an initial market composition u3, a buyer inflow u?, a dynamic market is given
by the bundle M = {{Q,w**,a,a,d {uf}io,uB},¢(-)}, where ¢(-) is the associated

transition protocol defined in (5).
I can eventually describe the evolution of the dynamic market with frictions.

Market Evolution. The inter-temporal evolution of market M is dictated by means of

the following (see also Figure 8)

1. Pre-Market Stage. Every agent ¢ discovers her own endowment w;( and induces a
(possibly zero) individual demand g, for the good that depends on preferences and
the financial leverage ov. An initial measure of sellers S € [0,1]'” is available in
the market.

15See Section 4 of Duffie et al. (2007) for several examples of motivated search frictions in empirical
OTC markets.

16This solution notion rules out situations where noise traders can alter the market dynamics and
create profitable bubbles. This allows to isolate the contribution of the paper. In fact, a main result of
this work is to provide a taxonomy under which even under full rationality of traders and one single first-
best allocation, the market can fail to reach allocative efficiency as a joint effect of financial constraints
and buyer-seller dynamics. For alternative models where traders are heterogeneous with respect to their
degree of rationality, I refer the reader to Brock and Hommes (1998) and Anufriev et al. (2021).

11



2. Entry Protocol. entry is explicitly regulated by an exogenous mechanism. At the

beginning of every period ¢, a fixed measure of buyers u” enters in the market.

3. Intra-Period Matching. Every buyer (respectively, seller) is randomly matched to
a counterpart of type w with a probability 77, (respectively, m2) which depends
on p? (respectively, u?). Each party has a probability p to submit the offer. The

receiver’s (respectively, the sender’s) outside option is endogenously determined on

the basis of 75, (respectively, 72). Either the traders agree on the exchange, in
which case the seller transfers one unit of capital to the buyer, or they fail to.

In either case, the match dissolves. The intra-period bargaining phase terminates

when every buyer has cleared the (possibly zero) demand for the good g,.

4. Intertemporal Market Evolution At the end of (3) the market composition updates
from p; to p ; according to the selected transition protocol ¢(-). Eventually, the
market moves to t + 1, with a new wave of buyers pu” entering into the market and

the process repeats.

3 Homogeneous Equilibria

I now introduce'” two classes of equilibria which can sustain the formation of market M
in presence of financial frictions. In Section 4 I will show that these two equilibria are
intimately linked and that can be operationalized to study complex market formation
protocols. Each equilibrium depends on a corresponding transition protocol, defined in

the following

Definition 3 (Transition Protocols). Given any seller j endowed with wj; = w' and
buyer i endowed with w;y = w present in the market at time t > 0, the transition protocol

¢(+) is characterized by either of the following:

T.1 (No entry of new sellers). Each seller j (respectively, buyer i) leaves the market
upon successful trade of one unit of the good (respectively, of satisfaction of demand

schedule q,, ).

T.2 (Entry of new sellers). Each seller j leaves the market upon successful trade of one

unit of the good. Upon satisfaction of demand schedule g,
(a) If qu,, + w; < w**, buyer i leaves the market

(b) If qu, + wi > w*™, buyer i settles in the market, that is i becomes potential
seller for buyers entering at periods t + 1,t + 2, ...

"In Appendix B I recall equilibrium existence for the general class of intertemporal bargaining games
sustaining the specific market formation processes discussed in Section 3.

12



For analyzing the proposed classes of equilibria, I will focus on the evolution of w**-type
sellers relative to the aggregate of other types. For such purpose, I define the market

index x; for a dynamic market at time t as

Definition 4 (Market Index). For any period t, given the market composition e =

{”ﬁt}:zo’ the market index z; is

S
I

:Z Iugt xte[0a1]7 (

(@)
~—

Ty

whereby the long-run dynamics of the market index are captured by x* defined as x* =

limt_>oo Tt.

Lastly, in order to make the analysis tractable, I will impose some structure to the dy-

namic market by means of the following assumption

Assumption 1. The dynamic market with constraints of Definition 2 is such that u>, > 0

for w € {w**, &0} and uZ, = 0 otherwise.

Assumption 1 simply implies that the set of sellers in every period ¢ is made at most by
two distinct types, given by the first-best type w** and the upper type w, with w** <
w. The assumption allows tractability without sacrificing sufficient heterogeneity in the

population structure.

3.1 Homogeneous Equilibria with no Entry (HEWNE)

I start the analysis with the case in which sellers’ dynamics are encapsulated by the
simple monotonic transition protocol 7.1 ( Definition 3). This prescribes that each type
w' seller active in the market at time ¢ is remowved from the market at the end of period
t if a successful matching involving j (either as receiver or proponent) and any buyer
1 is realized within . An empirical counter-part of such transition mechanism can be
given for example by the short-run reallocation of capital taking place in conglomerates
and internal capital markets (see Giovannetti, 2021 and Khanna and Yafeh, 2007), where
capital is allocated from more mature firms (corresponding, in our case, to the pool of
available sellers in any period ¢ > 0) to newly acquired production units (i.e. the buyers
entering the market at ¢ + 1,¢ + 2,....)!%. Under T'1, the law of motion for the market

composition (5) is given by the system of equations

18Gee also Buchuk et al., 2014 and Almeida et al., 2015.
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:ui’(t—l—l) = :ui:’t - Z (aww’ﬂf’tﬂf + aw/wtﬂfﬂift) VW' € Q, (7)
{weQw<w**}

type w’ out— flow

where the elements in bracket correspond to successful matching involving sellers either
as receivers of the offer or as proponents. While seller-type dynamics in (7) exhibit a
clearly monotonic pattern, it is unclear how the heterogeneity of seller population x;
evolves as the market process unfolds. To understand this, I introduce the following class

of equilibria

Definition 5 (Homogeneous Equilibria with no entry (HEWNE)). Given the
dynamic market with frictions from Definition 2 with the transition protocol T.1 from
Definition 3, I define Homogeneous Equilibria with no entry the class of equilibria of the

bargaining game such that:
(1) The market follows the law of motion in (7).
(13) In the limit t — oo there is no seller-type dispersion and it holds that z* = 1.

Hence, the main result follows
Theorem 1. For a dynamic market with frictions following law of motion in (7) fulfilling
the following

1

(1) o € (2 <1+\/1—4D2), 1} for a < af,

- *k\2
x0>§ for a > a* wherea*z%,

(i) 6 <6 = 1

7

Homogeneous Equilibrium with no entry (HEWNE) is the unique stable equilibrium of

the economy and as such the market index x, converges to it for t — oo.

The equilibrium expands the scenario considered in Manea (2017), in which both the
seller and the buyer leave the market upon successful trade. Differently from that work,
buyers are allowed to obtain multiple units of the good before leaving the market. In
the equilibrium, whether the economy converges into expressing a homogeneous type of
seller w** (as long as a positive measure of sellers is available in the market) depends on
agents’ time discount ¢, together with the interaction between the initial composition of
the sellers’ vector u5 and the level of financial friction « currently in place. Importantly,

in the model a tipping point o = a* determines the evolution of the market composition
s
Hy -

I now analyze the relationship between the initial heterogeneity of the sellers’ vector w3
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Figure 2: Phase diagram of market index z; under the Homogeneous Equilibrium with no
Entry. For any couple (a, ) in the graph, the solid-lines (respectively, dashed lines) indicate
the stable (respectively, unstable) equilibrium x*, with arrow pointing at the associated stable
equilibrium. The threshold a* indicates a regime switch for which the heterogeneous equilibrium
x* = 1/2 loses stability.

and leverage « in determining the long-run market dynamics. To do so, let us assume
that 0 is small enough so that (ii) of Theorem 1 holds. From Theorem (1) I notice that
the population dynamics of the Homogeneous Equilibrium with no entry are qualitatively
dependent on the value of the financial leverage . Let us consider the evolution of type
w** sellers relative to other types. Therefore, consider the evolution of z; from Definition
4. From the proof of Theorem 1, the heterogeneous equilibria x* associated with the law

of motion (7) are given by

1 1 1
Ty = 3 L 3 <1 - \/1 - 4D(a,w**)2> Tt = 3 <1 - \/1 — 4D(a,w**)2) . (8)

together with the equilibrium z§ = g+ for o = 0 and homogeneous equilibria 7, = 1,
Z_ = 0. With no financial leverage (a = 0), the system is at rest of any point = € [0, 1].
Intuitively, from Proposition 1, for & = 0, D(0,w**) = 0, therefore the initial market
index x( is an equilibrium of the system. For a < a*, the heterogeneous equilibrium
xy = 1/2 is reached by any index with initial composition z, € (x*_,xi). Rest point
x = 0 (respectively, = 1) is a stable fixed point for zq < x* (respectively, zo > 7).
For a > a*, rest point Z_ (respectively, Z.) is reached by all orbits between 1/2 and
0 (respectively, between 1/2 and 1). In other words, for a sufficiently high financial
leverage @ > «*, the equilibrium z = 1/2 loses stability and the system converges to

x* =1 (respectively, to x* = 0) for any zo above (below) 1/2.

Therefore, the relationship between the market composition and financial constraint is
nonunivocal. The capability for a market to express in the limit of £ — oo a homogeneous
population of sellers that are on the efficient production frontier is subject to a tipping

point which depends on the level of financial frictions and the initial heterogeneity of
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sellers. When the allowed leverage is moderate, the exchange structure has a limited
impact on sellers’ distribution. This implies that sellers heterogeneity does not disappear
in the limit. On the other hand, when the exchange structure is characterized by a high
enough financial leverage, two extreme cases emerge depending on the initial distribution.
Either the exchange dynamics will bring the market to an efficient equilibrium (with all
sellers endowed with the first-best investment w**), or it will converge to an equilibrium

in which surviving sellers fail to attain the first-best investment level.

From a regulatory perspective, this result shows that when entry of new sellers is limited
(or restricted), a regulator can not assess the effect of financial constraints on allocative
efficiency in isolation from the initial composition of the market, thus explaining why
incremental regulations to corporate leverage have diverse effects in conglomerates around
the world (see Lee et al., 2009 and Buchuk et al., 2014 for two alternative examples).

3.2 Homogeneous Equilibria with Entry (HEWE)

In the previous section I showed that a market endowed with simple monotonic rules of
motion such that in the limit all sellers leave the market can display a surprising degree
of richness in the dynamics of sellers’ composition. Indeed, such framework can effectively
depict short run dynamics of capital transfers, for example within conglomerates (see for
example Campello, 2002). However, it fails to capture more complex dynamics. From a
longer-run perspective, capital can be re-allocated within conglomerates. Similarly, input-
exchanges along value chains undergoe multiple rounds of transformation, with receivers
of inputs transforming and selling to subsequent buyers acquired units of capital. In
other words, many real-market environments feature a possibly expanding population of

sellers, with potential sellers entering and quitting as the market unfolds.

To capture this, I now explore the dynamics of a growing economy. I begin by adopt-
ing the simple expansionary transition protocol 7.2 of Definition 3. For every period
t, I will allow a subset of buyers to settle in the economy at the end of the period in
order to become potential sellers for waves of buyers entering in the market in period
t+1,t+2,.... Given Assumption 1, the subset of buyers who settle in the market is given
by Partially Constrained buyers in D** and Pure Sellers in S as per Definition 1. To de-

fine the (possibly growing) measure of sellers, let us recall Definition 11 from Appendix A

Definition 6 (Settlements). For every type w € S and any time period t > 0, let

Iaf’ = Mf’ + Z /J“f ' I[w',w [W + qw(aa W**) = w,] )

w<w’

be the cumulative measure of buyers endowed with w = W' at the end of the trading period

t. In the above, I is the indicator function and takes value 1 when the condition in square
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brackets is matched and zero otherwise.

Measure 5, encapsulates the fraction of entrants with initial type w € €2 that possess an
amount of capital w’ € {D** 4+ S} at the end of period t'?. Given Transition protocol T2,
AB.. and if measure the fixed inflow of sellers of type w** and @ respectively. Therefore,
under transition protocol 7.2, the system of equations dictating the evolution of the

market composition (5) becomes

#5’(t+1) = [y — Z (aww/tﬂfftﬂf + aw’wtﬂfﬂia Vo' <w™ (9)
{weQw<w**}
ﬂi/(tﬂ) = Mf/t + ﬂf’ - Z (O‘ww/tﬂfftﬂf + aw’wtﬂfﬂift) V' > W (10)
{weQw<w’}

net equilibrium in— flow of w’—type sellers

From (9), I intuitively notice that sellers characterized by type w’ < w** will eventually
disappear from the market. On the other hand, the apparent symmetry of dynamics char-
acterizing types w’ > w*™ in (10), implies that further analysis is required to understand

the evolving composition of sellers. To do so, I introduce the following class of equilibria

Definition 7 (Homogeneous Equilibria with entry (HEWE)). Given the dynamic
market with frictions in Definition 2 with the transition protocol T'.2 from Definition 3,
I define Homogeneous Equilibria with entry the class of equilibria of the bargaining game
such that

(i) The market follows the law of motion in (9)-(10) where po = 1,
(73) Demand D clears in every period t > 0,
(23i) In the limit t — oo there is no seller-type dispersion and it holds that x* = 1.

And state the second main result.

Lemma 1. Let A = a/(1 + «) and suppose a dynamic market with frictions following

law of motion in (9)-(10) that fulfills the following
w**(w**

(1) Xo—o Mgo 2> 2 o=0 ! Hf = o A,

22+ @ — wH)
(Ld** _ 2)&)** ’

(i) A> A, where A is the solution of A (1 +y1+ flw**) =

(iv) § <6,

IN
AN
Il

(i) A

2w

19Tn Appendix A I provide additional intuition and formal results related to measure /i together with
two computed example.
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where § is as defined in Theorem 1. Then, the Homogeneous Equilibrium with entry
(HEWE) is the unique stable equilibrium of the economy and as such the market index

xr; converges to it for t — oo.

Therefore, a dynamic market characterized by sufficient degree of initial homogeneity in
sellers’ types and a compatible degree of financial leverage o will converge to expressing
only first-best endowment sellers w**. Financial leverage in the present context has two
roles. On one hand, it positively affects the size of demand D induced by buyers entering
in every period. As such, market clearing puts an upper bound on financial leverage.
On the other hand, the larger average demand may allow a larger measure of first-best
type agents to settle in the market as potential sellers, thus allowing the first-best seller
measure to grow faster across time relative to the measure of other seller types available
in the market. The combination of the two effects determines in the limit the degree
of heterogeneity of the sellers’ vector x*. In particular, from the proof of Proposition 1,
I know that if financial leverage is such that A < A, heterogeneity will not disappear
in the limit. In fact, the growth rate of the first-best endowed agents at ¢ = 1, defined
s Myee1 = [y — 13, Will be negative, thus implying that the market index z; will
converge to x* where 0 < x* < 1. I consider this situation in the last set of simulations

in Section 5.

In the next Section I show that a surprising link between HEWNE and HEWE exists
which can be used to study the role of z* in determining the dynamical properties of
markets in which more complex transition protocols are enforced, in particular, when the

entrance of new sellers is decoupled from the exit of buyers.

4 Analysis: Decoupling buyer-seller dynamics

In this section I focus on the link between buyer-seller low dynamics and market het-
erogeneity. Therefore, I will assume fully-impatient agents (6 = 0) and ask the following
question: what market dynamics can I expect when entry of new sellers is decoupled
from buyers’ exit? As example, suppose an economy in which buyers require ¢ periods
to transform the purchased input into an output that can be sold to other buyers. In
such context, the entry of new sellers begins at period t = £ > 0. In other words, this
is equivalent to assuming that the market is characterized by transition protocol 7.1 for
t = 1,2,..t and by transition protocol T.2 for t > t. I consider such scenario in Section
4.1 As alternative example, consider an economy where entry of new sellers ceases after

t > 0 periods. The interruption can either be temporary?® or permanent. In particular,

20T his can be the case for a market hit by a large exogenous shock. For example, Barrot and Sauvagnat
(2016) find that sales growth of Japanese firms directly affected by the Tohoku Earthquake recovered
after six quarters from the occurrence of the natural disaster.
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in the framework a permanent halt of sellers’ entry at ¢ = ¢ > 0 can be studied by in-
troducing a market following transition protocol 7.2 for ¢t = 1, ...t and protocol 7.1 for
period t =t 4 1,£+2,.... I consider that situation in Section 4.2 Indeed, more complex
scenarios can be encompassed. For example, a market characterized by transformation
delay t such the one described in the first example may undergo an exogenous shock in
period s > £ which interrupts the sellers inflow from ¢ = x onward. Such situation, where
new sellers enter only for a limited number of periods, can be addressed by introducing
an additional switch from transition protocol T.2 to protocol 7.1 at time ¢t = x > ¢. This

case will be considered in Section 4.3

I now show how the equilibria introduced in the previous sections allow us to explore

market dynamics in the above environments. From Theorem 1, let us define

* —

« )

A= =
1 + a* (w**)2’

I can then construct the following taxonomy

Lemma 2. Consider the dynamic market with frictions M in Definition 2. Assume
A < A. The following hold

1. A> A" or A< A< A~ If HEWE exists and is stable under transition protocol
T.2, HEWNE always exists and is stable under transition protocol T'.1.

2. A< A HEWE does not exists under transition protocol T.2. HEWNE exists under

transition protocol T'1 if xg > x7.

Hence, conditions for existence and stability of HEWE are more stringent than the ones
of HEWNE. The results in Lemma 2 allow us to study the asymptotic behavior of market

index x; for a variety of complex transition protocols, discussed below.

4.1 Asynchronous entry of new sellers

Consider a situation in which sellers delay entrance in the market for ¢ periods, as it would
be the case, for example, if buyers require a certain number of periods ¢ to transform the
purchased input into an exchangeable output. For the purpose, let us introduce a delay
t > 0, which I define below, and modify transition protocol 7.2 in the following

Definition 8 (Transition Protocol T'.3). Fach seller j leaves the market upon successful
trade of one unit of the good. Upon satisfaction of demand schedule q,, if qu, +w; < W™,
buyer i leaves the market. Otherwise, if q,, + w; > w**, buyer ¢ leaves the market as
buyer, and settles in the market as potential seller in period T =t +t, with t sufficiently

large. That is © becomes potential seller for buyers entering at periods T, T + 1, ....
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Figure 3: Dynamics for a market in which A > A* and xg > x{j with respect to the possible
transition protocols 7.1 — T.5. Transparent (respectively, colored) area contains the dynamics
for market compatible with transition protocol 7.1 (respectively, T'.2).

Indeed, the asynchronous entry of new sellers implied by protocol 7.3 affects the evolu-
tion of market composition p? as follows: for t < # (respectively, for ¢t > ), the market
composition x; evolves according to protocol T'.1 (respectively, T.2), with law of motions
given by (7) (respectively, (9)-(10)). The following result holds

Lemma 3 (Market behavior under asynchronous entry). Suppose two dynamic markets
with frictions, My and M3, where, everything equal, the associated transition protocol is
respectively given by T.1 and T.3. Assume that HEWNE exists and is the stable solution
of My. Either of the following is then the case

1. A> A* or A< A < A* . HEWE is the unique stable equilibrium of market Ms;.

2. A < A. In Ms, HEWE does not exist. Financial leverage o relative to the size
of W and w is such that the fraction of w** type buyers settling in the market at
t =1+1,t+2,... is not sufficiently high, and as such the market will leave the orbit
dictated by HEWNE.

In Figure 3 (respectively, Figure 4) the orbits corresponding to interval [0, ], with Kk — oo,
depict the evolution of market composition x; for the case in which A > A* (respectively,
A < A*). In particular, with respect to Figure 4, it is clear that actual market dynamics
in the case A < A (orbits B — E) will depend on the size of A.
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Figure 4: Dynamics for a market in which A < A* and zg > «% with respect to the possible
transition protocols 7.1 — T.5. Transparent (respectively, colored) area contains the dynamics
for market compatible with transition protocol 7.1 (respectively, T'.2).

4.2 Permanent Interruption of Seller Entry

I now consider the case of a market in which entry of new sellers permanently ceases after
a certain number of periods k > 0. For this purpose, I introduce the following transition

protocol

Definition 9 (Transition Protocol T'4). For t < k (respectively, t > k), market M

behaves according to ransition Protocol T'.2 (respectively, transition protocol T.1).

Therefore, a permanent interruption of the sellers’ inflow can be incorporated in the
framework by introducing an exogenous switch in the market dynamics in period s such
that the market composition z; evolves according to law of motions given by (9)-(10)
(respectively, (7)) for t = 0,1, ...,k — 1 (respectively, for ¢ > k). I then have the following

result

Lemma 4 (Market behavior under permanent interruption of seller entry). Suppose two
dynamic markets with frictions, My and My, where, everything else equal, the associated
transition protocol is respectively given by T.2 and T.4. Assume that HEWE exists and is
the stable solution of My. Then, HEWNE is the unique stable equilibrium of market My.

Lemma 4 simply reinstates that HEWE requires stronger existence conditions when com-
pared to HEWNE. Notice however that under transition protocol 7.4, HEWE can emerge
as market equilibrium even if A < A. This situation is captured by orbit F' in Figure
4, where HEWNE is obtained for all orbits with initial market composition zy € (z*,1).
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The equilibrium characterization obtained for transition protocol 7.1 in the proof of The-
orem 1, reported in (8) and ensuing discussion allow us to get sharp predictions on the

market composition in the limit of ¢ — oo.

4.3 Temporary Entry of New Sellers

Results in Theorem 1, Proposition 1 and Lemma 3 allow us to explore the effect on mar-
ket composition x; of more elaborate transition protocols. For example, I briefly consider
a market where entry of new sellers is allowed for a subset of periods ¢t = 1, ..., k and such
that capital reallocation is characterized by some transformation delay ¢. In other words,
only a limited number of buyers, those belonging to waves t = 1, ..., k — ¢ are allowed to
settle in the market as sellers for subsequent waves of buyers. This can be captured by

the following transition protocol

Definition 10 (Transition Protocol T.5). Given t and r such that 0 < t < k, for
0 <t<t, and for t > K, market M behaves according to transition Protocol T.1. For

t <t <k market M behaves according to transition Protocol T.2.

With a sufficiently high financial leverage A > A*, following an argument similar to
the one of the previous two sections, it is easy to show that market composition x; will
converge to the homogeneous case x = 1 for t — oo regardless to actual determination
of t and k. More importantly, I notice that for all cases in which A < A*, in the limit
of t — 0o, the market composition will converge to either of the following x € {0,1/2, 1}

(see Figure 4). This follows immediately from the discussion of (8).

5 Simulations of Market Dynamics

Parameter: Value:
Type set {1,2,3,4,5}
first-best endowment w**: 4
Discount factor d: §<6
Financial Leverage «: variable
Initial measure of first-best sellers pi,==q: variable

Table 1: Simulation parameters (Section 5).

I validate the results obtained in Section 3 by simulating an artificial market which allows
us to study market evolution under either transition protocol 7.1 or 7.2 (see Definition

3). The common parameter configuration is reported in Table 1. Given the common
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Figure 5: Distribution of average asymptotic index value Z for an artificial market under transi-
tion protocol T'.1, financial leverage o = 0.8 and initial first-best seller distribution respectively
given by p%..q = 0.3 (Upper Panel) and p5..q = 0.6 (Bottom Panel).

configuration, I can compute a* = 0.45 from Theorem 1. Furthermore, from Proposition
1 I compute A = 0.75 and A &~ 0.26 respectively corresponding to o = 3 and o ~ 0.36.
The artificial market adheres to the program described in Section 2 and in Figure 8 with
one minor adjustment. I will assume that one single buyer endowed with w, distributed
according to P(w) = 1/w Vw € ) enters the market in every period ¢, rather than a fixed
measure { uB e o, 1]}:;0 = u? entering the market every period t.

In the first set of simulations I fix & = 0.8 > a* and consider an economy where transition
protocol T.1 dictates market formation. Each economy k runs for t = 1,2,...,1,000
periods (corresponding to N = 1,000 sellers available in the market). For each economy
k, 1 store z; = ZU%)OO. I simulate a total of s = 10, 000 economies and compute the average
asymptotic index value T = E [21000] = %ZZZI x%%o. From Theorem 1, this configuration
implies that three possible equilibria can exist, respectively given by zj, 7, and z_,
depending on the initial heterogeneity of sellers given by ji,«. In the first simulation, I
assume [, = 0.3. As predicted 