Proceedings of the 39t Conference of the
International Group for the
Psychology of Mathematics Education

ﬁ/\/\fv\
- T

@ﬂ' [

PM E39 Hobart, Australia

Hobart, Australia
July 13-18, 2015

Volume 4
Research Reports
Per - Zha

Editors: Kim Beswick, Tracey Muir, & Jill Fielding-Wells



e —

PME39 13-18 July 2015 Hobart, Australia

Proceedings of the 39" Conference of the
International Group for the Psychology of Mathematics Education

Volume 4

Editors
Kim Beswick, Tracey Muir, & Jill Fielding-Wells

Cite as: Beswick, K., Muir, T., & Fileding-Wells, J. (Eds.) (2015). Proceedings of the
39th Conference of the International Group for the Psychology of Mathematics
Education (Vol. 4). Hobart, Australia: PME.

The Proceedings are also available on-line at http:/www.igpme.org

Copyright © 2015 left to the authors
All rights reserved

ISSN 0771-100X
ISBN 978-1-326-66435-0

Cover Design and Logo: Helen Chick

Printing: UniPrint, University of Tasmania

4-ii PME39 — 2015



TABLE OF CONTENTS
VOLUME 4
Research Reports

Pamela Perger, Kim Timmins
Students’ perceptions of a good teacher

Mamokgethi Phakeng, Arindam Bose, Nuria Planas
A reflection on mathematics education and language
diversity in PME conferences

Robyn Pierce, Helen Chick, Roger Wander
Statistical literacy in a professional context

Luis Roberto Pino-Fan, Vicen¢ Font
A methodology for the design of questionnaires to explore
relevant aspects of didactic-mathematical knowledge of
teachers

Luis Roberto Pino-Fan, Ismenia Guzman, Raymond Duval,
Viceng Font
The theory of registers of semiotic representation and the
onto-semiotic approach to mathematical cognition and
instruction: Linking looks for the study of mathematical
understanding

Nuria Planas, Marta Civil
Bilingual mathematics teachers and learners: The
challenge of alternative worlds

Jérome Proulx
Solving problems and mathematical activity through
Gibson’s concept of affordances

Ajay Ramful, Thomas Lowrie
Cognitive style, spatial visualization and problem solving
performance: Perspectives from grade 6 students

David A. Reid
Student understanding of proof and proving: Is
international comparison possible?

4-1

4-9

4-17

4-25

4-33

4-41

4-49

4-57

4-65

PME39 — 2015

4-iii



Simone Reinhold
Prospective elementary teachers’ diagnostic proceeding in
one-on-one diagnostic interviews: Facets of data collection
and attention

C. Miguel Ribeiro, Riibia Amaral
Early years prospective teachers’ specialized knowledge
on problem posing

Sergio Gonzalo Rodriguez, Mirela Rigo
The culture of rationality in secondary school: An
ethnographic approach

Diana A. Royea, Cynthia Nicol, Helena P. Osana
"Borrowing from the neighbour”: Preservice teachers’
interpretations of student errors

James Russo
How challenging tasks optimise cognitive load

Silke Ruwisch, Marleen Heid, Dana Farina Weiher
Measurement estimation in primary school: Which answer
is adequate

Alexander Salle
Self-explanations and gestures

Thorsten Scheiner
Shifting the emphasis toward a structural description of
(mathematics) teachers' knowledge

Stanislaw Schukajlow
Effects of enjoyment and boredom on students’ interest in
mathematics and vice versa

Annie Selden, John Selden
Validation of proofs as a type of reading and sense-making

Cynthia Seto, Mei Yoke Loh
Promoting mathematics teacher noticing during mentoring
conversations

4-73

4-81

4-89

4-97

4-105

4-113

4-121

4-129

4-137

4-145

4-153

4-iv

PME39 — 2015



Isao Shimada, Takuya Baba
Transformation of students' values in the process of solving
socially open-ended problems

Yusuke Shinno, Takeshi Miyakawa, Hideki Iwasaki, Susumu

Kunimune, Tatsuya Mizoguchi, Terumasa Ishii, Yoshitaka Abe
A theoretical framework for curriculum development in the
teaching of mathematical proof at the secondary school
level

Amber Simpson, S. Megan Che
Use of I-poems to uncover adolescents' dynamic
mathematics identity within single-sex and coeducational
classes

Karen Skilling, Janette Bobis, Andrew Martin
The engagement of students with high and low achievement
in mathematics

Daniel Sommerhoff, Stefan Ufer, Ingo Kollar
Research on mathematical argumentation: A descriptive
review of PME proceedings

Kaye Stacey, Ross Turner
PISA’s reporting of mathematical processes

Nina Sturm, Caroline V. Wahle, Renate Rasch, Wolfgang
Schnotz
Self-generated representations are the key: The importance
of external representations in predicting problem-solving
success

Dhanya Surith
Dynamic and static nature of university mathematics
lecturing

Judit Szitanyi, Csaba Csikos
Performance and strategy use in combinatorial reasoning
among pre-service elementary teachers

Marley Taing, Janette Bobis, Jenni Way, Judy Anderson
Using metaphors to assess student motivation and
engagement in mathematics

4-161

4-169

4-177

4-185

4-193

4-201

4-209

4-217

4-225

4-233

PME39 — 2015

4-v



Cynthia E. Taylor, Aina Appova
Mathematics teacher educators’ purposes for K-8 content
courses

Pessia Tsamir, Dina Tirosh, Ruthi Barkai, Esther Levenson,
Michal Tabach
Which continuation is appropriate? Kindergarten
children's knowledge of repeating patterns

Yusuke Uegatani, Masataka Koyama
Third-order viability in radical constructivism

Stefan Ufer
The role of study motives and learning activities for
success in first semester mathematics studies

Jo Van Hoof, Lieven Verschaffel, Wim Van Dooren
The inappropriate application of natural number
properties in rational number tasks: Characterizing the
development through primary and secondary education

Jennifer Way, Janette Bobis, Judy Anderson
Teacher representations of fractions as a key to developing
their conceptual understanding

Nicole Wessman-Enzinger, Jennifer Tobias
Preservice teachers’ temperature stories for integer
addition and subtraction

Karina Wilkie
Exploring early secondary students’ algebraic
generalisation in geometric contexts

Karina Wilkie, Hazel Tan
Performance or progress? Influences on senior secondary
students’ mathematics subject selection

Sue Wilson
Using critical incident technique to investigate pre-service
teacher mathematics anxiety

Geoff Woolcott, Daniel Chamberlain, Joanne Mulligan
Using network analysis to connect structural relationships
in early mathematics assessment

4241

4-249

4-257

4-265

4-273

4-281

4-289

4-297

4-305

4-313

4-321

4-vi

PME39 — 2015



Seok Young Min, Choi-Koh Sang Sook 4-329
Some features of mathematics anxiety from cognitive
neuroscience for the functional tasks

Qiaoping Zhang, Wee Tiong Seah 4-337
Chinese secondary teachers’ and students’ perspectives of
effective mathematics teaching: The underlying values

PME39 — 2015 4-vii



SHIFTING THE EMPHASIS TOWARD A STRUCTURAL
DESCRIPTION OF (MATHEMATICS) TEACHERS’
KNOWLEDGE

Thorsten Scheiner

University of Hamburg, Germany

Despite the wide range of various conceptualisations of (mathematics) teachers’
knowledge, the literature is restricted in two interrelated respects: (1) the focus is
(almost always) limited to the subject matter content, and (2) the form and nature of
teachers’ knowledge seem not to have been noticed by researchers working in the field.
The paper seeks to address these gaps by (a) broadening the current perspective to
include an epistemological, cognitive, and didactical lens on the knowledge base for
teaching mathematics, and (b) going beyond what the teachers’ knowledge is about to
take account of how the knowledge is structured and organised. The theoretical work
presented here intends to stimulate discussion about the structural description of this
kind of knowledge.

CONCEPTUALISATIONS OF TEACHERS’ KNOWLEDGE: MAPPING THE
TERRAIN

Over the past decades, several interesting approaches, partly distinct and partly
overlapping, in conceptualising the knowledge base for teaching have been developed,
the majority of them follow Shulman’s (1986, 1987) distinction between subject matter
knowledge, pedagogical knowledge, pedagogical content knowledge, and knowledge
of various aspects of the educational setting (including knowledge of the educational
context). The frameworks and models that shape the landscape in research on teachers’
knowledge are at various levels of specificity — ranging from general to discipline-,
domain-, and concept-specific frameworks (see, Scheiner, 2015).

Quite a few general frameworks contributed to the field, particularly in (a) shifting the
attention to subject matter knowledge for teaching (in addition to subject matter
knowledge per se) (Shulman, 1987), in (b) providing insights into critically important
determinants of what teachers do and why they do it, namely teachers’ resources
(including knowledge), orientations (including beliefs), and goals (Schoenfeld, 2010),
and in (c) highlighting the multiple dimensions of feachers’ proficiency, including, but
not limited to, knowing students as thinkers and learners (Schoenfeld & Kilpatrick,
2008). The latter contribution builds the bridge to discipline-specific frameworks since
Schoenfeld and Kilpatrick initially developed the framework of teachers’ proficiency
in the context of mathematics.

A substantial body of research work is located in mathematics education, providing
both discipline- and domain-specific frameworks and models (e.g., Ball, Thames &
Phelps, 2008; Baumert et al., 2010; Blomeke, Hsieh, Kaiser, & Schmidt, 2014;
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Fennema & Franke, 1992; Kilpatrick, Blume, & Even, 2006; Rowland, Huckstep, &
Thwaites, 2005; Tatto, Schwille, Senk, Ingvarson, Peck, & Rowley, 2008). These
frameworks and models of knowledge for teaching mathematics can be understood as
elaborating rather than replacing Shulman’s (1986; 1987) contribution to the field. The
approaches taken, and the conceptualisations of mathematics teachers’ knowledge
proposed, are not inclusive, nor are the identified dimensions of mathematics teachers’
knowledge mutually exclusive. In contrast, the identified dimensions are
complementary, and provide, taken together, a more refined picture of the knowledge
base for teaching mathematics (see, Scheiner, 2015).

Notice that, with few exceptions (e.g., Even, 1990), researchers have almost
overlooked concept-specific frameworks. However, from the author’s perspective,
investigating teachers’ knowledge at the level of specific concepts is an important issue
that needs particular attention in future research efforts.

MOVING BEYOND PAST AND CURRENT TRENDS IN RESEARCH ON
MATHEMATICS TEACHERS’ KNOWLEDGE

As described in detail elsewhere (Scheiner, 2015), several trends can be identified in
past and current practices in research on mathematics teachers’ knowledge. For the
purposes of this paper, the attention is drawn to two particular trends:

(1) Although the discipline-specific frameworks mentioned above differ in detail, many of
them converge in efforts to further extend and refine the construct of subject matter
knowledge (SMK) and pedagogical content knowledge (PCK).

(2) With few exceptions, the literature tends to a particular orientation, namely the idea of
a teachers’ capacity to unpack subject matter knowledge in ways that are accessible to their
students.

In more detail, the literature suggests that subject matter knowledge (SMK), for
instance, can be further extended and refined in qualitatively different sub-dimensions
such as Bromme’s (1994) distinction between school mathematical knowledge and
academic content knowledge. However, of particular importance and interest are
contributions that reflect the idea that there is unique content knowledge for teaching
mathematics. For instance, the notion of ‘specialised content knowledge’ introduced
by Ball and her colleagues is described as pure content knowledge “that is tailored in
particular for the specialised uses that come up in the work of teaching” (Hill et al.,
2008, p. 436). In this sense, and in contrast to Shulman (1986) treating ‘SMK for
teaching’ as equivalent to PCK, these considerations lead to the claim that there is pure
mathematical knowledge specialised for teaching mathematics. Thus, it seems
reasonable to distinguish between mathematical content knowledge per se (MCK per
se) and mathematical content knowledge for teaching (MCK for teaching) (see,
Scheiner, 2015).

However, recent approaches in the literature on the knowledge base for teaching
mathematics center their focus on the subject matter content and articulate the
importance of the central teaching task that is making the mathematics content
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accessible to students. In the literature on mathematical knowledge for teaching, these
recent practices are reflected in the metaphor of ‘teachers’ unpacking of mathematics
content in ways accessible to their students’. The author argues that this dominating
content-oriented focus can be traced back to Shulman’s (1987) conceptualisation of
PCK as the capacity of ‘transforming’ subject matter of the discipline to subject matter
of the school subject. To put it in other words, most of the contributions in the
‘mathematical knowledge for teaching’ literature tend to be associated with a particular
‘school of thought’, namely Shulman’s (1987) idea of a teacher’s capacity for
transformation of the subject matter — the capacity to deconstruct one’s own knowledge
into a less polished final form where critical components are accessible and visible.

Drawing on recent theoretical reflections on conceptualising (mathematics) teachers’
knowledge (e.g., Scheiner, 2015), the work calls to broaden the perspective to include
an epistemological, a cognitive, and a didactical dimension (see, Figure 1), in addition
to a content dimension.

EPISTEMOLOGICAL
PERSPECTIVE

Subject
Matter

DIDACTICAL
PERSPECTIVE

Learning

Figure 1: The epistemological, cognitive, and didactical perspective

The epistemological dimension refers to knowledge about the epistemological
foundations of mathematics and mathematics learning (see, Bromme, 1994). For
instance, Harel (e.g., 2008) calls for teachers’ knowledge of epistemological issues
involved in the learning of specific mathematical concepts including knowledge of
epistemological obstacles. The cognitive dimension refers to knowledge of students’
cognitions (Fennema & Franke, 1992), in particular, knowledge of students’ common
conceptions, knowledge of students’ cognitive difficulties involved in concept
construction (Harel, 2008), and the interpretation of students’ emerging thinking (Ball
et al., 2008). In other words, it includes knowledge of how students think, learn, and
acquire specific mathematical knowledge (Fennema & Franke, 1992). The didactical
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dimension refers to what Shulman (1986, p. 9) described as knowledge of “the most
useful ways of representing and formulating the subject that make it comprehensible
to others”, including teachers’ illustrations and alternative ways of representing
concepts (and the awareness of the relative cognitive demands of different topics)
(Rowland et al., 2005) and knowledge of the design of instruction (Ball et al., 2008).

These various dimensions (epistemological, cognitive, and didactical) are considered
as useful /enses in investigating (mathematics) teachers’ professional knowledge, in
particular, in describing the interconnectedness of knowledge of subject matter,
knowledge of students’ understanding, and knowledge of instructional strategies.
These three resources (subject matter, students’ understanding, and instruction) should
be directed towards the same goals (i.e., learning goals) and reinforce each other rather
than working past each other. However, this is often challenging to achieve. Often what
is missing is a central theoretical framework or model about knowing and learning
which guides the process and around which the three resources can be coordinated.
From this perspective, a model of cognition and learning may serve as a cornerstone
that brings cohesion to subject matter, students’ understanding, and instruction (see,
Fig. 1).

Bringing these perspectives into focus, several extensions and refinements of
Shulman’s initial categories of subject matter knowledge and pedagogical content
knowledge can be identified, namely (a) knowledge of students’ mathematical thinking
and understanding (KSU), (b) knowledge of learning mathematics (KLM), (c)
knowledge of teaching mathematics (KTM), (d) mathematical content knowledge per
se (MCK per se), and (¢) mathematical content knowledge for teaching (MCK for
teaching).

In summary, the teachers’ knowledge base can, and should, be examined from a range
of angles using different lenses, including an epistemological lens (knowledge of
learning mathematics), a cognitive lens (knowledge of students’ mathematical thinking
and understanding), a didactical lens (knowledge of teaching mathematics), and a
content-oriented lens (MCK per se and MCK for teaching).

A STRUCTURAL DESCRIPTION OF TEACHERS’ KNOWLEDGE: THE
NATURE AND FORM

In the past, the literature concentrated its focus on what the teachers’ knowledge is
about. In doing so, the literature limited its attention to the content teachers do or should
possess. What is missing in the current landscape of the conceptualisation of
mathematics teachers’ knowledge are efforts in going beyond what the teachers’
knowledge is about to include a structural description of teachers’ professional
knowledge. Of course, several perspectives for theoretical reflection on the nature and
form of teachers’ knowledge can be presented (Scheiner, accepted), including those
concerning the nature of the knowledge such as

(a) source What are the constituent knowledge bases?
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(b) development Does the transformation of subject matter knowledge per so to
subject matter knowledge for teaching takes place by the
individual teacher situated in the act of teaching or is it supported
by educators and curriculum?

(c) spectficity Is the knowledge general, subject-, domain-, or topic-specific?

as well as those concerning the form of the knowledge such as

(1) degree of integration Does the amount of knowledge in each knowledge domain matter
most or the degree of integration?

(ii) size Does the knowledge comes in pieces, units, or schemes? Is the
knowledge stable and coherent or contextually-sensitive and
fluid?

From the author’s perspective, the major issues that need better resolution if we are to
understand teachers’ acquisition of an integrated knowledge base are questions
concerning the nature and form of teachers’ professional knowledge. In the following,
new avenues for theoretical reflection on these issues are outlined. The objective of
such theoretical reflection is evolving — aiming to make new theoretical extensions and
innovations.

Teachers’ knowledge as a complex system of ‘knowledge atoms’

Although the various frameworks and models on the construct of mathematics
teachers’ knowledge have provided crucial insights on what mathematics teachers’
knowledge is about, several of the discipline-specific frameworks represent
conceptualisations of mathematics teachers’ knowledge by a very general approach
that seem ad hoc. The author, by contrast, does not believe in the existence of a general
framework on teachers’ knowledge but rather thinks that in investigating the form and
nature of teachers’ knowledge various frameworks may be discovered, which will be
quite specific to particular mathematical concepts and individuals.

Figure 2: The ‘knowledge atom’

The author calls for paying attention to investigating what in this paper is called
‘knowledge for teaching mathematics’ considered as a pool of personal and private
constructed pieces of knowledge that have been transformed along a variety of
knowledge bases identified in previous research investigating the multidimensionality
of teachers’ knowledge. In more detail, this work emphasises to view the professional
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knowledge for teaching mathematics as the repertoire of ‘knowledge atoms’ that have
been transformed along (1) knowledge of students’ mathematical thinking and
understanding (KSU), (2) knowledge of learning mathematics (KLM), and (3)
knowledge of teaching mathematics (KTM), taking (4) mathematical content
knowledge per se (MCK per se) and (5) mathematical content knowledge for teaching
(MCK for teaching) as the cornerstones (see, Fig. 2). Notice that (i) the notion of
‘transformation’ implies that the constituent knowledge bases are inextricably
combined into a new form of knowledge that is more powerful than the sum of its parts
(degree of integration). (ii) In contrast to Shulman and his proponents’ work, it is KSU,
KLM, and KTM, together with MCK per se and MCK for teaching that build the
knowledge dimensions that serve as the constituent knowledge bases for teaching
mathematics (source). (iii) The notion of ‘knowledge atom’ indicates that knowledge
is of a microstructure, highly context-sensitive, and concept-specific and has to be
considered as of a fine-grained size (specificity and size). (iv) The notion of ‘repertoire’
indicates that knowledge is personal and private and that teacher education programs
can only provide (as good as possible) rich resources for building up a fruitful
repertoire of knowledge atoms (development).

The above mentioned considerations draw on the ‘knowledge in pieces’ framework
developed by diSessa (e.g., 1993), in particular taking the view of knowledge as
microstructures coming in a loose structure of quasi-independent, atomistic knowledge
pieces. Form the author’s perspective, the ‘knowledge in pieces’ framework provides
a rich resource on which to explore these, and related, issues.

NEW PRACTICES IN RESEARCH ON TEACHERS’ KNOWLEDGE:
MODELING TEACHERS’ KNOWLEDGE AT THE ‘KNOWLEDGE LEVEL’

As stated in the previous section, with few exceptions, past and current research seems
to have skipped describing and characterising the structure and organisation of
teachers’ knowledge. One of the aims of this work was to progress toward a structural
description of teachers’ knowledge, and the previous section may have moved in that
direction. Since the lack of a theoretical foundation of an adequate description
concerning the form and nature of teachers’ knowledge is recognised, research is
needed that looks at knowledge (and processes of knowledge development) in fine-
grained detail, through which a theoretical framework evolves. A structural description
of teachers’ knowledge is, at least from the author’s perspective, an ongoing process
that is always subject to new information and insights. With this, the objective of such
research is evolving — by simultaneously developing theory and empirical research.
Though a comprehensive theory is targeted, seeking not ‘grand theory’ but “humble
theory” (diSessa & Cobb, 2004) with multiple cycles of revision and extension seems
to be appropriate.

Research efforts on the way to a suitable description concerning the form and nature
of teachers’ knowledge should take place at the background of well-established
practices in research on teachers’ professional knowledge describing and identifying
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what the knowledge is about (concerning content). From the author’s perspective, it is
time to move toward new practices in research on teachers’ knowledge that examine
in a dialectic way both (1) the nature of certain kinds of teachers’ knowledge (theory
development, concerning form) and (2) what people know of that kind (empirical work,
concerning content).

Research is needed that aims to model (mathematics) teachers’ knowledge at the
‘knowledge level’, for instance, by drawing on the methodological approach employed
by researchers working with the ‘knowledge in pieces’ framework (diSessa, Sherin, &
Levin, in process), namely knowledge analysis. Within the wide range of types of
methodologies in ‘knowledge analysis’, in terms of time-scale, empirical and
theoretical focus, in particular, microanalytic and microgenetic methods provide a
good target for a complex, integrated, and dialectical research design. From the
author’s perspective, knowledge analysis may challenge the boundaries of what is
known, and may provide a rich resource for a more complete and nuanced
understanding of teachers’ knowledge.
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